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On April 19, 1610, upon receiving an advance copy of Galileo’s Starry Messenger, 
Johannes Kepler composed a fan letter. “I may perhaps seem rash in accepting your 
claims so readily with no support of my own experience,” Kepler wrote to Galileo. 
“But why should I not believe a most learned mathematician, whose very style attests 
the soundness of his judgement?"! We are not accustomed today to thinking of a 
mathematician’s work in terms of style. A proof is a form of argument, but the truth 
of the theorem it proves would hardly seem to depend on any rhetorical, let alone 
stylistic, features of its proof. The received wisdom is that mathematics, the uni- 
versal language of science, has one style—the mathematical style—characterized by 
symbolic notation, abstraction, and logical rigor.” 

This book aims to challenge that conception of mathematics. While a belief in the 
universality and unity of ars mathematica is not without reason, amoment’s reflection 
gives rise to some basic questions. Where did “the” mathematical style come from? 
How has it developed with the growth of mathematical knowledge? What opportuni- 
ties does it open or foreclose? How has its potential evolved with changes in the forms 
of writing and, therefore, ways of reading, mathematics? What are its expressive, 
cognitive, and imaginative possibilities? 

These questions, at heart, concern the literature of mathematics. To survey this 
literature—a vast body of material ranging in subject from algebra to geometry, num- 
ber theory to physics, logic to statistics, and dating from Babylonian tablets of the 
Bronze Age to the peer-reviewed journals and electronic preprints of today—is clearly 
beyond the scope of a book this size. Instead, I will describe a cross section of math- 
ematics using a method inspired by Raymond Queneau’s Exercises in Style. This 
literary work from 1947 takes the same simple story—that of a peculiar individual 
who is first seen in a dispute on a bus, and then later in conversation with a friend 
about the position of a coat button—and transforms it in ninety-nine different ways. 
Queneau’s stylistic exercises exemplify various forms of prose, poetry, and speech, as 
well as more striking contortions, such as “Опотаіоровіа,” “Dog Latin,” and “Рег- 
mutations by Groups of 2, 3, 4, and 5 Letters." Queneau, in addition to being an 
author and poet, was also an amateur mathematician, and together with the mathe- 
matical historian François Le Lionnais he cofounded the experimental writing group 
known as the Oulipo. The name of the mostly French writing group is an acronym for 
Ouvroir de Litérature Potentielle (Workshop for Potential Literature), and its mem- 
bership includes writers, artists, and mathematicians such as Georges Perec, Italo 
Calvino, Marcel Duchamp, Jacques Roubaud, Claude Berge, and Michéle Audin. The 
stated purpose of the group is to explore the possibilities for literature derived from 
mathematically inspired rules or constraints.? As soon as I learned about the Oulipo 
and Queneau's book, I wanted to see what effect constrained writing strategies would 
have on a mathematical narrative—a proof. 


Preface 


Ргеїасе 


The theme I chose for 99 Variations on a Proof is an algebraic equation known as a 
cubic equation, and every chapter proves the same minor—some might say trivial— 
theorem about its solutions. Many proofs, from 16 Ancient to 61 Modern, emerge 
from the mathematical literature on cubics. In some cases this happened quite directly, 
the extreme example being 7 Found, which I discovered, ready-made, on a page of the 
most famous Renaissance treatise on algebra. More often than not, however, varia- 
tions required considerable interpretation and invention. Sometimes this was because 
the style originated in a subject area peripheral to cubics, as in 6 Axiomatic or the 
physics-based proof 96 Electrostatic. Still more distant translations were needed to 
convey styles outside of mathematics entirely, such as the musical score 26 Auditory 
and the architectural 62 Axonometric. 

Some proofs aim to satisfy a particular standard of rigor, some fall short of today’s 
standard, and some have other aims entirely. 

Each variation, with relatively few exceptions, appears on a single page with a 
brief discussion on the reverse side of the page. The secondary text includes explana- 
tory details, source information, and my comments on the nature and significance of 
each style. Cross references to related variations invite readers to deviate from the 
idiosyncratic order that I’ve given to the chapters and find their own paths through 
the book. 

This is not a mathematical treatise on cubic equations, and my choice of the par- 
ticular cubic here was made almost arbitrarily. Despite the historical threads implied 
by the chapter titles, this is not a book of mathematical history; while the onto- 
logical status of content and style is a matter of some debate, this is also not a work 
of philosophy. It is a book about mathematics, its attitudes, norms, perspectives, and 
practices—in short, its culture.* 

Other comparative studies of mathematical proof have addressed the relationship 
between content and form in different ways. In 1938, one H. Pétard published “A Con- 
tribution to the Mathematical Theory of Big Game Hunting,” which offers thirty-eight 
applications of modern mathematics and physics to the problem of catching a Поп,” 
During the writing of 99 Variations on a Proof, two other mathematical renderings 
of Queneau’s Exercises appeared: Rationnel mon Q by Ludmila Duchéne and Agnés 
Leblanc and Exercises in (Mathematical) Style by John McCleary. While there is nec- 
essarily some overlap between these books, it is surprising that studies of style could 
themselves vary in style so much. This in and of itself further confirms the potential 
of the basic premise of Queneau’s original. 

What distinguished the style of that most learned mathematician, Galileo? “For 
him, good thinking means quickness, agility in reasoning, economy in argument, but 
also the use of imaginative examples," according to Italo Calvino. This Oulipian 
finds the clearest statement of Galilean style in the following passage of The Assayer 


from 1623: while criticizing ап adversary’s reliance on authority to carry ап argu- 
ment, Galileo asserts, “but discoursing is like coursing, not like carrying, and one 
Barbary courser can go faster than a hundred Frieslands."" Calvino calls this Galileo's 
“declaration of faith—style as a method of thought and as literary taste." This is a 
faith that I have tried to keep. 

My motivation for this project, from beginning to end, has been to try to con- 
ceptualize mathematics as a literary or aesthetic medium. There is no shortage of 
evidence that professional mathematicians describe their work in aesthetic terms, but 
the terms they use, at least publicly, are very limited. The oft-repeated “beauty” and 
“elegance” may be important components of mathematical taste, but they fail to con- 
vey its range or subtlety or how it relates to literary and aesthetic experiences beyond 
mathematics.” The ninety-nine (or, if you admit an omitted proof the same status as 
the others, one hundred) proofs serve to highlight the material differences in logic, 
diction, imagery, and even typesetting that give tone and flavor to mathematics.!° 
I hope that readers with little or no predisposition to the subject matter will begin 
to perceive these stylistic differences by merely paging through examples, stopping 
to look more closely at proofs that reflect—or offend—their sensibility and moving 
lightheartedly forward from any that do not. The reader inclined to delve deeper might 
recognize that the book itself is a mathematical game. In any case, if mathematics is 
made more vivid as a result of it passing through the reader’s hands, the book will 
have served its intended purpose. 
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Theorem. //х3-бх2--11х-6-2х-2, then x «lor x=4. 0 
Proof. Omitted. o 
Omitted 


Omitted 


Why bother with proof at all? Proofs are explicitly omitted by authors for a variety of 
reasons, one being aesthetic. In a standard textbook of undergraduate level abstract 
algebra, one finds: “The proof of this proposition is notationally unpleasant without 
having any interesting features, so we omit it.”!! Readers often forgive such omissions 
in expository work; still, one has to be careful taking mathematics on faith. 

It is worth noting a few peculiarities of the proposition before embarking on its 
proof, notationally pleasant or not. 

We are given an algebraic equation in terms of some numbers, an unknown vari- 
able x, its square x”, and its cube x°. This makes it a degree-three polynomial equation 
or, simply, a cubic equation. A more standard form for the equation would organize 
all the terms to one side of the equals sign as x? —6x?--9x —4—0. That's the first 
peculiarity, and several proofs will take this normalizing step as a point of departure. 

Actually, that's the second peculiarity—the first peculiarity of this theorem is that 
it doesn't state what x is. Some mathematical readers will tolerate a skipped proof, 
but the introduction of a variable without specifying its domain is a universally con- 
demned sin of omission. Why? Because it invites ambiguity. For the purposes of our 
exploration of style, however, it will function as a highly productive ambiguity, to 
borrow a term from the American philosopher and poet Emily Grosholz."? 

A final, more mathematically interesting, feature is that the cubic equation has just 
two solutions. If you haven't forgotten the quadratic formula and its + sign, you may 
recall that degree-two equations have two roots. Though I have yet to meet anyone 
who has committed it to memory, there is a cubic formula (see 30 Formulaic), and it 
extracts three roots from any degree-three equation. Lacking a distinct third root, our 
equation is what's known technically as a degenerate case. 


Theorem. Let x be real. If x? —6x?+11x—6=2x—2, then x=1 or x=4. 1 
Proof. By subtraction, х3-6х2--9х-4-0, which factors as (х-1)(х-4)-0. O 


One-Line 


One-Line 


Like poets, mathematicians often strive for economy, and the one-line proof is a sort 
of monostich. Even the abbreviation QED for quod erat demonstrandum (which was 
to be shown"), which traditionally marks the end of a proof, is deemed too prolix by 
modern standards. Instead we find the tombstone O, sometimes called the halmos, 
after the Hungarian American mathematician Paul Halmos who first incorporated it 
into mathematical writing. Economy is an ideal that extends from proofs to larger 
scale works. Once, in The Bulletin of the American Mathematical Society, there ap- 
peared a research article written by two number theorists that, in its entirety, consisted 
of only two sentences.!? I guess the authors couldn't agree on one. 

In its cryptic way, the one line here does at least give the reader something to do. 
Go ahead, combine like terms with like—and look, divide out these common factors. 


Hypothesis: x? — 6x? +11х-6=2х-2, where х is a real number. 
To prove: х- or 4. 
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STATEMENT 

x? —6x* + 11x-6=2x-2 

х3-6х2--11х-6--2-2х-2--2 

х3-6х2-11х-4-2х 

х3-6х2-11х-4-2х-2х-2х 
3-6х2-9х-4:40 

х3-(1--5)х2--(5--4х-4-0 

х3-х2-5х2-5х-4х-4-0 

х (х-1)-5х(х-1)-4(х-1)-0 

(x? —5x+4)(x-1)=0 

Іх2-(1-4х-4(х-1)-0 

(x? -x -Ax - 4)(x 1)=0 

[x(x — 1) - 4(x — D](x - 1) 20 

[x—4)x—- D]I(x-1)20 

х-1-00гх-4:40 

х-1-1-1огх-4-4-4 

x=lorx=4 


REASON 

Given. 

Addition property of equations. 
Addition. 

Subtraction property of equations. 
Subtraction. 

Addition. 

Distributive property. 
Factoring. 

Factoring. 

Addition. 

Distributive property. 
Factoring. 

Factoring. 

Zero product property. 
Addition property of equations. 
Addition. 

QED 


2 


Two-Column 


Two-Column 


The form is familiar to American high school geometry students, who may not be 
wrong in guessing that it was devised for ease of grading rather than as a model of 
understanding. The addition of fifteen lines over the last proof does not occasion a 
corresponding addition in insight, no matter how much reassurance we get from that 
vertical line separating the action of the proof on the left from its justification on the 
right. 

Moreover, the gains in logical transparency come at a rhetorical cost. The two- 
column method absolves the student from having to bother with style, not to mention 
grammar. According to Patricio Herbst, Professor of Educational Studies and Math- 
ematics at the University of Michigan, this may have been one of the intentions of 
the two-column proof. In “Establishing a Custom of Proving in American School 
Geometry: Evolution of the Two-Column Proof in the Early Twentieth Century,’ he 
writes, 


as students had thus far been used to memorizing the demonstrations of a geometry 
text, the mental discipline that geometry made possible was being lost. Instructional 
changes were needed in order to enable geometry to do its job... .[The two-column 
format] gave students an “objective” representation that enabled smoother recog- 
nition of the similarities between such different activities as proving fundamental 
propositions and solving proof exercises. !* 


See 18 Indented for an elaboration on the two-column proof. 
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Illustrated 











FIGURE. The two points of intersection of the cubic у= х? —6x?4-11x — 6 and the 
line y=2x —2 occur at (1,0) and (4, 6). 


Illustrated 


When I showed a draft of a few dozen proofs to a physicist colleague, he declared 
this one the proof. In a sense he was right. I originally conceived of the proposition 
as a claim about the intersection of two graphs. 

But this example of “proof by inspection” wouldn’t qualify as proof according 
to most mathematicians’ standards. How can we be sure that the curves really do 
meet under those two beauty spots? What’s going on outside the region plotted? 
I'm reminded of a story told by the French geometer Étienne Ghys. After giving 
a talk in the Bourbaki seminar (see the comments in 6 Axiomatic) on a geometric 
construction that included illustrations, he was approached by the eminent French 
mathematician and Fields Medalist Jean-Pierre Serre, who remarked, “That was inter- 
esting what you said. I have a question. Would you consider this to be a theorem?"^ 
Nevertheless, computer plots like this as well as 12 Ruler and Compass diagrams 
and 21 Blackboard sketches are effective tools for discovering and communicating 
mathematics. 


Proposition. If x is areal number and x? — 6x? + 11x —6=2x —2, then x=1 or x=4. 4 


Proof. The degree three equation admits the standard form x*—6x?+9x—4=0. 
Expand the linear term 9x as the sum 5x + 4x so that a common factor is apparent on 
| Elementary 
the left hand side. 
(х? = 6x? +5x)+ (4x —4) =(x? — 5x)(x 2 D) +4(x- 1) 
Factoring out x — 1 leaves a quadratic, which also factors easily. 
(x? —5x+4)(x—1)=(x—-4)(x— 1)(х- 1) 


Since the right side of the equation is zero, one of the factors (x — 1) or (x —4) must 
be zero. Thus x=1 or x=4. 


Elementary 


10 


Economy of means can be as valuable as economy of form. I understand a proof to be 
elementary if its argument only relies on techniques that are basic in the field to which 
the proposition belongs, judging from its terminology. In this sense, an elementary 
proof is a naturally occurring constraint for mathematical reasoning. Other forms of 
reasoning or methods include 13 Reductio ad Absurdum and 22 Substitution. 

Authors of textbooks and mathematics curricula often try to organize their mate- 
rial so that the student only sees problems that are elementary in this sense. This is 
likely responsible for the widely held assumption that mathematics itself develops 
according to the same logical pattern. An example to the contrary is the prime num- 
ber theorem, which describes how the average gap between primes grows as primes 
increase. This result belongs to the field of number theory, but it took half a century 
for mathematicians to find a number theoretic proof for the theorem, which was first 
proved by methods using complex analysis. 

Is there an elementary style of writing mathematics? If so, I think it’s best captured 
by the eminent Hungarian mathematician and educator Georg Pólya: 


Rules of style: The first rule of style is to have something to say. The second rule 
of style is to control yourself when, by chance, you have two things to say; say first 
one, then the other, not both at the same time.!° 


Suppose that among four consecutive numbers, the product of the first three equals 5 
twice the third. What’s the fourth number? 


Puzzle 


р дәмету 
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Puzzle 


12 


Maybe the first question is, “Why bother with an equation?" There are worse things 
to worry about. In an article entitled “What is Mathematics For?", American math- 
ematician Underwood Dudley concludes: “In mathematics problems can be solved, 
using reason, and the solutions can be checked and shown to be correct.... That is 
what mathematics education is for and what it has always been for: to teach reasoning, 
usually through the medium of silly problems.” 17 

The 68 Word Problem or story problem is probably the most recognizable genre 
of silly problems in mathematics education. 

To see how the answer to this brain-teaser solves our equation (or doesn't), call the 
fourth number in question x. Then the three consecutive numbers prior to x (inferring 
that they are integers) аге, in numerical order, x —3, x —2, x — 1. If their product 
equals twice the third, then (x —3)(x —2)(x — 1) 2 2(x — 1). Multiply these numbers 
and the result is a big mess, but a mess that can be tidied into the form of the equation 
in 0 Omitted. 


Notations 6 


Zero and one are numbers, and they are denoted by 0 and 1 respectively. The sum 
of numbers x and y is the result of adding x and y, and it is denoted by x+ y; their 
product is the result of multiplying x and y, and it is denoted by x x y or xy. Numbers 
x and y are equal if they are identical, a fact which is denoted by the equation x= y. 


Axiomatic 


Definitions 


1. The numbers 2 through 11 are defined by the sums 2=1+1, 322-41, ..., 
1121041. 

2. The additive inverse of a number x is the number —x such that x +(—x)=0. 

3. The difference of two numbers x and y is denoted x — y, and it is defined as the 
sum х-+ (—y). 

4. The square of a number x is the the product of x with itself, and it is denoted 
by x?. 

5. The cube of a number х is the product of x with its square, and it is denoted Бу x?. 


Axioms 


6. Given any proposition P, if P or P, then P. 
. For all numbers x and y, if x= y, then y— x. 
. For all numbers x, y, z, if x is equal to y and y is equal to z, then x is equal to z. 


О оо N 


. For ай numbers x and у, and any equation Е, if х is equal to у, then у may be 
substituted for any occurrence of x in Е without changing the truth value of Е. 

10. If x and y are numbers, then the sum x+ y and product x X y are numbers also. 

11. For all numbers x, у, z, if x is equal to y, then the sums x +z and y+ z are equal, 
as аге the products x x z and ух 2. 

12. For all numbers x, y, the transposed sums x+y and y+ x are equal, as are the 
transposed products x X y and yx x. 

13. For all numbers x, у, z, the triple sums (x + y) +2 and х+(у+ 2) are equal, as are 
the triple products (x X y) x z and x x (yx z). 

14. If x, y, z are numbers, then the product of x with the sum у- 2 is equal to the 
sum of the products x X y - x Xz. 

15. The number 1 is not equal to the number 0. 

16. For any number x, the sum 0--х is equal to x. 

17. For any number x, the product 1 x x is equal to x. 

18. For any number x, there exists a unique additive inverse —x. 

19. For any numbers x, y, if x X y=0, then x Z0 or y=0. 


13 


Axiomatic 
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Theorems 


20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 


For ай numbers х, у, z, if x= у, then х-2=у- 2. 

For any number x, х-х-0. 

For any number x, 0x x 0. 

For any numbers х,у,(-х)у--(ху)-х(-у) 

For any number x, —(-х)=х 

For any numbers х, у, 2, х(у = 2) = ху-хі=(у- х)х 

For any numbers х, у, 2,10, (x -—y)(Z-W)=xz-xw—yz+yw 


For any number x, х+х=2х 

For any numbers x, y, —(х+у)=-х-у 
-2-(-4)--6 

1+4x2=9 

For any number x, (x — 1? 2x? -2x +1. 


For any number x, (x — 1? (x -4) = х — 6x? - 9x — 4. 
For any number x, x? — 6x? -9x —4— (x? - 6x? - 11x —6) - (2x - 2). 
For any number x, if x? - 6x? 4- 11x -6—2x —2, then x=1 or x=4. 


PROOF. Suppose x is a number. 


Theorem 33 
Hypothesis 
Axiom 10 


Axiom 9, (1), (2), (3) 


Theorem 21, (3) 
Axiom 8, (4), (5) 
Theorem 32 
Axiom 8, (7), (6) 
Axiom 19, (8) 
Definition 4, (9) 
Axiom 19, (10) 
Ахіот 6,(11) 
Definition 3,(12) 
Ахіот 11,(13) 
Definition 2,(14) 
Ахіот 16,(15) 


x? — 6x? +9x —4=(x3 - 6x? - 11x — 6) - (2x —2) (1) 
х7-6х2411х-6:2х-2 (2) 
2x —2 is a number (3) 
х3-6х2--9х-4-(2х-2)-(2х-2) (4) 
(х-2)-Ох-2)-0 (5) 
х3-6х2--9х-4-0 (6) 
(х-І)(х-4)-х-6х2-9х-4 (7) 
(x-1?(x-4)-0 (8) 
(х= 1)2=0 or x-—4=0 (9) 
(x —1)(x-1)=0 or x-4=0 (10) 
х-і-догх-і-догх-4-0 (11) 
х-1-00гх-4:40 (12) 
x+(—1)=0 or x+(—4) Z0 (13) 
x+(—1)+1=0+41 or x+(-4)4+4=0+4+4 (14) 
x+0=0+1 or x+0=04+4 (15) 
x=lorx=4 (Theorem) 


The influential German mathematician David Hilbert offers one of the most succinct 
descriptions of the axiomatic approach: “If we consider a particular theory more 
closely, we always see that a few distinguished propositions of the field of knowl- 
edge underlie the construction of the framework of concepts, and these propositions 
then suffice by themselves for the construction, in accordance with logical principles, 
of the entire framework.”!® This proof is based on Italian mathematician Giuseppe 
Peano's The principles of arithmetic, presented by a new method from 1889.'° The 
theorem is proved at the end of a sequence of theorems, each of which relies on one or 
more of the axioms, definitions, and theorems that precede it. Terms that are deemed 
too primitive to warrant precise definition are considered mere notations. It may seem 
absurd to consider a simple equation like 1+4-2=9 to be a theorem, but it is a result 
that can be logically deduced from the axioms stated.?? 

The axiomatic method of organizing knowledge into a logical hierarchy dates back 
at least as far as Euclid (see 52 Antiquity), but axiomatic systems took on a new char- 
acter and prominence in the modern era. The group of young mathematicians writing 
collectively under the pseudonym Nicolas Bourbaki sought to organize vast tracts 
of the discipline along the lines of the modern axiomatic style inspired by Hilbert 
and the celebrated algebraist Emmy Noether.”! Bourbaki's 1948 manifesto, “Тһе 
Architecture of Mathematics,” explains their perspective (emphasis added): 


From the axiomatic point of view, mathematics appears thus as a storehouse of 
abstract forms—the mathematical structures.... Of course, it can not be denied 
that most of these forms had originally a very definite intuitive content; but, it is 
exactly by deliberately throwing out this content, that it has been possible to give 
these forms all the power which they were capable of displaying and to prepare 
them for new interpretations.?? 


Setting aside the brazenness of these lines, it's not difficult to imagine that some might 
have a hard time going along with such a formalist program. Without questioning the 
benefits afforded by the Bourbaki approach, mathematician and philosopher Gian- 
Carlo Rota observed at the end of the century: 


The axiomatic method of presentation of mathematics has reached a pinnacle of 
fanaticism in our time.... Clarity has been sacrificed to such shibboleths as con- 
sistency of notation, brevity of argument and the contrived linearity of inferential 
reasoning. Some mathematicians will go as far as to pretend that mathematics is the 
axiomatic method, neither more nor less. This pretense of "identifying" mathemat- 
ics with a style of exposition is having a corrosive effect on the way mathematics 
is viewed by scientists in other disciplines.?? 


Other mathematicians will find that mathematics itself pays a price for our over 
reliance on formalism; see the comments following 33 Calculus. 


Axiomatic 
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НїЕдомүм: CARDANI 
Linquitur v cuits ңг cubícam quae eft 1,detrahe ex 2,тр44. relinquis 
tur prei xftimatio. 

Quad fi numerus pofitionum’, maior fit producto ex numero 
quadratorum in fui partem tertiam, differentia егіс numerus rerum, 
ut in prima demonftratione,& fuis regulis , hunc duc ín тр44. & ei 
adde cubum rpqd. & huius aggregati , numeri sequationís diffes 
rentia,eft numerus zquationis cubi, & talium rerum differentia , fi 
nulla fit æftimatio rei eft тр44.Ес fi numerus æquationis eft minor 
aggregato, acftimatíonem inuentam тілше, & fi maior,adde tpqd. 

uod fiet erit rei æftimatio. Exemplum, cubus & 20 res,aequantur 6 
quadratís & 24,ducto біп 2,tertiam parté fui,fit 1 2,cuíus differens 
tia à 20,numero rerum, eft 8 numerus rerum, que cum cubo æquan 
tur numero,duc igitur 8 numerum rerum,in 2 Tpád. fit 16 , adde ei 
8,cubum rpád.fit 24, differentia cuius nulla eft 24. numero aquar 
tionis,igitur zcftimatío rei eft трд. fcilicet 2,0: rurfus cubus cit 20 
rebus,zequalís 6 quadratis & 15, habebimus igitur,ut prius, cubum 
& 8 res pro numero, duc ut príus,8 numerum rerum pofteríorem ín 
2 rpád.fit 1 6,adde cubum rpád. fit 24,abijce 1 s, relinquitur o, igi» 
tur cubus & 8 res,zquatur 9,& rei eftimatio eft 1,quod mínue ex 2, 
pdid.relínquítur uera ас танд reí 1, minuifti autem , quía 15 nus 
merus zequationis,cft minor aggregato cubi & producti, quod eft 
24,& fi bene animaduertis; eodem modo fit in prima parte regula, 
quando numerus rerum aqualis eft producto ex numero quadratos 
rum in fui partem tertiam, Rurfus,cubus cum 20 rebus,zequalis fit 6 
quadratis p: 3 3 habebis саф cubum,ut prius,& 8 res, equales diffe 
rentix 24 aggregati,& 3 3 numeri aquationis,quare cubus & 8 res, 
eequabuntur о,Х aftimatio reí erít 1 addendum rpád. quía nume 
rus xequationís 3 з,с maior numero aggregato 24, quare rei хїїг 
matio crit 3. 

Quod (i numerus pofitionum , minor fit producto ex numero 
quadratorum ín fui tertiam partem,differentía nihilominus erit nus 
merus rerum,ut prius,fed hæ поп copulabuntur cubo, imo erunt сі 
zequales,deinde duc ipfum numerum rerum pofteriorum , in тр44, 
& producti iunge numero zequatióis,huíus aggregati & cubi tpqd. 
differentia ей numerus zequatíonís fecunde,fi igitur differentia nul- 
la eft,cubus zequabítur rebus, & в: quadrata numeri rerum addita 
тр44.ей aftimatio rei,quod fiaggregatum fit maius cubo,erít diffe 
rentía,numerus qui cii rebus equatur cubo, inde habita zeftimatione, 
adde сі rpqd. & fiet uera zeftimatio, Quod fi cubus fuerit maior age 


gre Заа 
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regato differentia егіс numerus, qui cum cubo æquatur rebus, inde 
_ habita eeftimatione,adde сі rpqd.quod conflatur, eft rei uera ас та 

tio,& tam multiplex habenda,ut in noftra regula docuimus , quand 
quod ad regulam pertínet,& haec noftra fit. Exemplu igitur , Cubus 
$ о res,aequales fint 6 quadratis p:2,tunc numerus rerum fecundus 
erit 3, duc in 2,rpqd. fit 6,adde ad 2 numerum zquationis, fit 8, cus 
bus autem tp@d.eft 8,differentía nulla, igitur cubus aequatur $ res 
bus,res igitur eft в 3,& reí æftimatio 2 p:R 3. Rurfus,cubus p:o rez 


bus,zqualis fit 6 quadratis p:4,habebimus ut prius,cubum_egGlem 2 


3 rebus,pro numero duc 3 numerum rerum pofleriorem in 2 tpgd. 
fit 6,а44е 4,numerum equationis, fit 10,abijce $,cubum тр44.Нгэ, 
addendus rebus,quía aggregatum eft maius cubo тра 4. igitur cus 
bus zquatur 2 rebus,p:2,& res erit 2,addito 2 oum t 4,uera ctis 
matío.[terum,f(it cubus p: 21 rebus, zequalís о quadratis p: $, erunt 
igitur 6 res in pofteriore zquatione,quiag numerus quadratorum, 
ductus in 3,tertiam fuí partem,producit 27,duc igitur 6 numerum 
pofteriorem rerum, in 3, rpqd. fit 18,adde ei ¢,fit 23, differentia cuz 
jus numero producto ex cubo с rpád.eft 4, & quía aggregati eft 
minus cubo,ideo cubus & 4,2:quabuntur 6 rebus , æftimatio igitur 
eft 2, uel œ 3 mis, & fictam 3 p: r qua eftm:fiigitur his addas 3 
rp jd. habebis әЙітагіопев quæfitas 5,864 p:R 3,X 2 p:& 3,in haz 


rum qualibet uerum eft,quod cubus & 21 res , equales funt 9 qua» 
dratís € 5 numero. 


De cubo & quadratis, qualibus rebus & numero: 
Caput XIX. 


DEMONSTRATIO 


gu |с etiam cubus д в,8 6 quadrata , асаа 20 rebus p: 206, 

Ў gratia exempli,& ponemus в с 2, Tpqd.erit igitur A c res 

p:2,& eíus cubus,erit cubus & 6 quadrata, & 12 res,& 8 

iam autem fuppofitum eft, quod cubus a в & 6 quadrata, 

fint æqualia 20 rebus p:200,igitur ponantur,20 res & 200, loco cus 

bi,& 6 quadratorum,& fiet cubus А c,aqualis 32 rebus р: 208 , at 

quia 32 res А 2, deficíüt à 32 rebus А c,in 32 в c, addantur штіср par 

tí 52 в erunt igítur 32 res p:208,aquales cubo p:64., tantum enim 

funt 32 в c,abijce 64 ab utrag parte, erit cubus ser 32 rebus р; 
144,inde inuenta æftimatione abíjce в с, тра. relinquetur Ав. 
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I was stunned to find my humble cubic in the middle of Ars Magna, the 1545 treatise 
on cubic equations by Italian Renaissance physician, astrologer, scientist, and math- 
ematician Girolamo Cardano.?^ But in fact most cubics with small positive integer 
roots are likely to appear in one of Cardano's forty chapters. Why so many chap- 
ters? Prior to the incorporation of negative numbers into algebra, two equations like 
ax? + bx? +сх= and ax? + bx? =сх+а would fall into separate categories of cubic 
equation, and Cardano treats each separately and with several examples. 

Like other Renaissance mathematicians, Cardano wrote in an awkward, proto- 
algebraic shorthand that included p: and m: for addition and subtraction and Tpqd to 
express one-third the coefficient of the square (tertia pars numeri quadratorum). Gen- 
eral rules are introduced with perfunctory geometric arguments before proceeding to 
computational examples such as this. 

Using modern notation, Richard Witmer translates the underlined passage as 
follows: 


Again, 
x? +9x=6x? +4. 


We shall, as before, have y? equal to Зу. For the number, multiply 3, the coefficient 
of y, by 2, one-third the coefficient of x?, making 6. Add 4, the constant of the 
equation, making 10. Subtract 8, the cube of one-third the coefficient of x?, and 
2 is the result. This is to be added to the y's, because the sum is greater than the 
cube of one-third the coefficient of x?. Hence 


у=3у+2, 


and у will be 2. By adding 2, one-third the coefficient of x”, 4 results as the true 
solution [for x].?? 


For a discussion of Cardano's method, including the change of variable from x 
to y, see 25 Open Collaborative. 

Ars Magna presented the first comprehensive solution of the cubic in print, and 
for that reason the modern cubic formula usually bears his name (see 30 Formulaic). 
Despite his acknowledgment of the contributions of Scipione del Ferro and “шу 
friend Niccoló Tartaglia" in the first chapter, the book sparked a fierce and well- 
documented priority battle (see 43 Screenplay).”° 

Why does Cardano designate 4 as the vera aestimatio? What's untrue about 1? 


Theorem. Let x ER. If x? - 6x? +11х-6=2х- 2, then x=1 or x=4. 8 
Proof. Artin [Ch. 14, $2], or Herstein [85.7]. 
Prerequisite 
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Unlike 7 Found, neither of the two sources cited here, Algebra by Michael Artin or 
Topics in Algebra by I. Herstein, solve our cubic per 56.27 Instead they discuss the 
solution to any and all cubic equations no matter what their coefficients. 

In general, it's not clear what it means to say that two proofs are “the same." It 
may, however, be easier to provide criteria for two proofs to differ. The English math- 
ematician John Conway, famous for his gaming approach to mathematics, and Joseph 
Shipman, a mathematical consultant to casinos, suggest that proofs can be partially 
ordered by pitting them against one another in competition. They find that every proof 
has a "natural domain of applicability" or "scope," and one proof bests another if its 
scope contains the scope of the other.?? It seems reasonable that if one proof extends, 
mutatis mutandis, to a case beyond the reach of a second proof, then they must be 
different. For example, Cardano uses the same method to solve both our cubic and 
х? +21х=9х2+5 (it appears just below the underlined text in 7 Found). The solu- 
tions of this second cubic are 2— v8, 24 үз, апа 5. These roots are definitely out 
of reach of the 6 Axiomatic proof, since that proof begins by assuming x is integral 
whereas 2 — y3 and 2+ уз aren’t even rational numbers. 

Conway and Shipman are quick to point out that the value we place on a proof 
need not correlate to the dominance of its scope. For example, a proof with a huge 
scope relative to what it actually proves, like “swatting flies with a sledgehammer,” 
is usually deemed excessive and graceless.?? 64 Research Seminar provides one such 
example. 


Here is a fact: 


If x is real and the cube of x less six times the square of x plus five times x plus six 
times x less six is twice x less two, then x must be one or four. 


The proof goes like this: 


See, the first three terms on the left side split as the square of x less five times x all 
times x less one. And more, the last two terms on the left side split as six times x less 
one, while the right side splits as two times x less one. Thus, if x were to be one, we 
have nought plus nought is nought, which is true. So, x may be one. 

Else x is not one, and x less one is not nought. So we can times the whole thing by 
one on top of x less one to yield: the square of x less five times x plus six is two. Drop 
two from each side, and the square of x less five times x plus four is nought. Now this 
splits as x less four times x less one. Since we said x less one is not nought, x less 
four must be. So x is one or four, as was to be shown. 
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Monosyllabic 
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In Siobhan Roberts’ biography Genius at Play: The Curious Mind of John Horton 
Conway, the distinguished mathematician claims that he delivered an entire num- 
ber theory lecture according to the rules of the “One Bit Word Game,” which is an 
autological title for the monosyllabic constraint.?? 

In place of eleven—the only polysyllabic coefficient in the equation—T've written 
"five plus six." This trivial alteration led to the factorization that is the basis of the 
solution here (and in 4 Elementary). Why am I so surprised by this? Mathematical 
proofs often emerge as a sequence of individually inconsequential transformations 
governed by external constraints. It could even be that this 18 typical. 

In the 1948 article, “The Place of Mathematics in the Classification of the Sci- 
ences," Raymond Queneau argues that mathematics is both method and game, “іп 
the most precise terms, what's known as a jeu d'esprit." He concludes the paper by 
signaling a proto-Oulipian correspondence: “We might say, giving Art its ambiguous 
sense, that Science oscillates from Art to Game and Art from Game to Science?! 


х (x3)—x? х-х (х3—х2)+х 1 0 


T ^r Wordless 


х-х- (“-х-х)-х: х-2х-х (х-2х--х)--Ах 
х-2х--5х (х2-2х--5х)-4 х-2х--5х-4 (“-2х--5х-4)-Ах 


p 


х-2х-9х-4 — (8—2xM9x-4)-4Ax? х-бх--9х-4 


| I (x—1)(x—1)(x—4) 
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Wordless 
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Some diagrams or illustrations are so compelling that they seem to hold up on their 
own without explanation. Also known as “Look-see! Proofs” or Proofs Without 
Words (PWWs), these have been a feature of mathematics magazines ever since they 
first appeared in the 1970s.?? 

The question of their legitimacy as proofs seems beside the point, but every discus- 
sion of PWWs raises such disclaimers. Writing for the Mathematical Association of 
America's online journal Convergence, Tim Doyle et al. frame the debate in stylistic 
terms: 


We use the term “Baroque” to indicate the idea that status as a mathematical proof 
is underwritten by formal correctness, paralleling how a composition's status as a 
fugue is underwritten by the formal qualities of the music.... We use the term “Ко- 
mantic" to indicate that a good proof is whatever sparks the mathematical intuition 
or intellect in the right way, prioritizing the mathematical experience over Baroque 
genre standards. The Baroque perspective construes proof as a type of evidence 
distinguished by meeting particular formal constraints, whereas the Romantic per- 
spective construes any evidence that is powerfully and completely compelling to 
a mathematically astute, reasonable reader as a proof. 


This is a useful framework, not least because it allows the authors to refine their 
position in the debate, hedging their bets with the precision of an analyst: 


We have to be careful not to take the Baroque perspective so far that it turns out 
nobody ever writes proofs! When we relax the standard a little bit it becomes 
interesting to ask whether less canonical forms of proof write-up, like PWWs, can 
slip through the gap and have a place within—or perhaps just in the neighborhood 
of—the category of proofs.?? 


This proof resulted from work on 52 Antiquity. Гуе drawn the starting cube x? 
with dimensions 10x 10x10 units. What happens to the proof as the side of the 
cube approaches a solution, x 21 or x 24? Can you see the proof in fewer steps? 
62 Axonometric offers a one-step wordless proof. 


Instructions: Write your answer to the question directly on this page. All work should 1 1 
be written in blue or black pen. Clearly show all appropriate algebraic work. Scrap 

paper is not permitted, but you may use the reverse side of this page for scratch 

work. The use of any communications device is strictly prohibited when taking this Exam 
examination. If you use any communications device, no matter how briefly, your 

examination will be invalidated, and no score will be calculated for you. 


Solve х5-6х2--11х-6-2х-2. 
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The most vivid form of mathematics for many is likely to be the exam. “Math test" 
is a powerful linguistic collocation not unlike “splitting headache” or “excruciating 
pain.” This variation, including its threatening Instructions, is modeled on the New 
York State Algebra 2 / Trigonometry Regents Examinations.?^ 

In fact, most standardized mathematics tests from elementary school to the GRE 
ask multiple-choice questions for which no evidence of reasoning is required on the 
part of the student. When such tests do assess reasoning, it’s interesting that standards 
may vary depending on the subject matter. In the case of the Regents Examinations, 
the grading rubric instructs graders to assign full credit when the correct numerical 
solution and “appropriate algebraic work is shown,” but for geometry “a complete 
and correct proof that includes a concluding statement” is required. Why? Perhaps 
the higher standard of proof for geometry reflects the long legacy of Euclid’s Elements 
and its 6 Axiomatic style. 


The roots of the cubic polynomial х3-6х2--11х-6-(2х-2), огх3-6х2--9х-4, 1 2 
may be constructed as follows: 


1. Place two points O and P arbitrarily. 

2. Construct the multiples of length OP for the given coefficients, b=—6, c=9, and 
а--а. 

3. Construct lengths for each of the following two auxiliary coefficients 

52-36 _ _ 2b —9bc+27d _ 


1 p 28 UEM 2-р 
9 * 54 


. Construct a point Q on the extended line OP such that the length OQ is —b/3=2. 
. Draw the circle OSR centered at О with radius 2 /p =2. 

. Draw the circle QST with the same radius centered at О. 

. Draw the lines PS and PT. Each of these lines are perpendicular to ОО. 

. The double root is the length OP and the single root is the length OR. 


Ruler and 
Compass 
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These tools—the unmarked ruler (or straightedge) and compass—have given mathe- 
maticians more to do and think about than would seem reasonable, considering their 
modesty. The most basic and far-reaching question that they provoke is, simply, what 
can and cannot be measured? 

One of the classical construction problems is to trisect an arbitrary angle 
(41 Newsprint cites another, doubling the cube). The angle trisection problem hap- 
pens to be equivalent to the problem of finding roots of an arbitrary cubic polynomial 
x3+bx*+cx+d. Unfortunately, both angle trisections and cube roots are, in gen- 
eral, not constructible by straightedge and compass. If, however, the cubic has 
repeated real roots, as our cube does, then its solutions are constructible. (If a cubic 
has three real roots, then a marked straightedge and compass will find the roots.??) 
The auxiliary coefficients p,q correspond to a particular form of the reduced cubic, 
x? —3px 4-24, and a cubic polynomial will have repeated roots if and only if p? = 42. 

To construct the roots, we apply a 47 Clever trigonometric identity: 


4cos? 0 — 3с050 — cos 30. 


The above cubic equation in cos@ is perfectly adapted to our given cubic when 
х=2с050 +2 and cos30— 1. In coordinate geometry, the first of these two condi- 
tions means that a root x is the horizontal coordinate of the point 0 on the circle of 
radius 2 centered at Q = (2,0). The second condition implies that 0 is one-third of a 
multiple of 2л; that is, Ө equals 0, 27/3, or 47/3. These angles correspond to the 
points R, S, and Т. 


Theorem. Let x be a real number. (Гх?-6бх2-11Хх-6:42х-2, then x=1 or x=4. 13 


Proof. That x=1 and x=4 are solutions is readily verified. Suppose there is a third 
solution x such that x #1 and x #4. Then we may divide x? —6х?+11х-6=2х-2 
by x — 1 to obtain x? — 5x +6 =2, that is, x? -5x 4-4 —0. Now dividing by x —4 leaves 
x—1=0. Dividing again by x — 1 we conclude 1 20, which is absurd. Hence х= 1 or 
x —4 as required. 0 


Reductio ad 
Absurdum 
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Reductio ad absurdum is an indirect method of proof, similar to and often confused 
with 14 Contrapositive. While both methods begin by supposing that the desired con- 
clusion is false, the aim of a proof by contradiction is not to deduce that the hypothesis 
is false (which isn’t contradictory), but to show that some third statement that was al- 
ready known to be true—an axiom or proven proposition—is false. In this case, the 
contradiction is that 1 equals 0. 

What counts as absurd depends on your logic, and some logicians take issue with 
the reductio. One concern is the assumption that rejecting the negation of a proposi- 
tion is tantamount to proving it is true. Twentieth century Dutch mathematician and 
philosopher L. E. J. Brouwer was the most famous critic of this assumption, known 
as the law of excluded middle. This isn’t to say that he was an advocate of a third truth 
value (I think that would actually be an example of tertium-non-datur reasoning). See 
79 Intuitionist. Another concern is that when we accept proofs by contradiction, we 
tacitly assume that our rules of proof are consistent (i.e., that one cannot prove A and 
not A). To see what happens otherwise, go to 82 Inconsistency. 

Even if you’re willing to exclude the middle and take consistency on faith, 
extracting meaning from an indirect proof is complicated by the distortion wrought 
upon the proposition in the proving. This can be a rhetorical strength, however: 
Polya notes “‘Reduction to an absurdity’ is a mathematical procedure but it has some 
resemblance to irony which is the favorite procedure of the satirist. Irony adopts, to 
all appearance, a certain opinion and stresses it and overstresses it till it leads to a 
manifest absurdity."?6 


Theorem. Let х be a real number. (Гх?-6бх2-11Хх-6:42Хх-2, then x=1 or x=4. 14 


Proof. Suppose x Z1 and x#4. Then (x—1)(x—1)(x —4) 0, since the factors 


(x — 1) and (x —4) are nonzero. Now Contrapositive 


(х= (х= D(x-4)2x? - 6x? 9x —4 
-(х7-6х2-11х-6)-0(2х-2), 


which must also be different than zero. Hence x?—6x?+11x—642x—2, and we 
have proved by contraposition that the only possible roots are 1 and 4. That these are 
indeed roots is easily verified. 0 
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The following syllogism probably dates back to the Stoic philosophers of the third 
century BCE: 


If it is day, it is light. 
But it is not the case that it is light. 
Therefore it is not the case that it is Чау.37 


This is a typical example of the logical equivalence between a conditional statement 
if P, then О and its contraposition if not О, then not P, also known as modus tollens. 

The careful reader will notice that the indirect arguments, both in this exercise and 
13 Reductio ad Absurdum, are supplemented by a casual remark about verifying that 
1 and 4 are roots. This is because the indirect arguments deduce that 1 and 4 are the 
only possible roots but leave open the question of whether or not the equation even 
admits a solution in the first place. A friend taught me not to forget about vacuous 
suppositions with an old math joke: 


Teacher: Suppose x is the number of sheep in the problem. 
Student: But, Sir, what if x is not the number of sheep? 


Theorem. Let AER. If Л is an eigenvalue of the linear operator 1 5 


3 0 1 
А-|0 1 0 Matrices 
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then A=1 or A=4. 


Proof. A number 4 is an eigenvalue of the matrix А if there is a non-zero vector 
х-(хі,х,хҙ)” ER? such that 


Ах= 4х. 
This implies the homogeneous set of simultaneous equations, 
(A-ADx=0 


which have a nontrivial solution when the determinant of (A — AD vanishes. Expand- 
ing the determinant of the characteristic equation gives 


3-4 0 1l 
0-| 0 1-4 0 
2. 0 2-4 
-(8-4)0 - A)2.- 4)-2(1 - A) 
=(1- 4} 4-4). 


The roots of this equation are 4, =1 = 4; and 4, =4, which are therefore the eigen- 
values of A. o 
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This variation renders our cubic equation as the so-called characteristic polynomial 
associated with a three-by-three array of numbers ог matrix.?? Matrices originated as 
a bookkeeping device for solving systems of equations simultaneously, but the alge- 
bra of matrices has since established itself as a mathematical subject in its own right. 
Manipulating matrices is awkward at first, but they quickly become a very expres- 
sive tool. Many different mathematical objects admit matrix forms, from algebraic 
and differential equations to symmetries and groups (see 24 Another Symmetry for a 
discussion on groups). 

There is a double sense to the etymology of style—style as a way of writing and an 
instrument of writing (thus the cognate stylus). The French philosopher and historian 
of mathematics David Rabouin underscores this twin interpretation for mathematical 
style: 


It is important not only to emphasize the existence of [mathematical] styles cir- 
culating across different cultural determinations but also to invest this category 
positively by anchoring it in the ways of writing, that is, the more material aspect 
of this circulation (as opposed to what is attached to “interpretations” and “теап- 
ings” shared by a community of actors or, in the opposite direction, to some pla- 
tonic “ideas” grounding the supposed “universality” of the supposed “conceptual” 
background).?? 


In brief, “the conceptual content of a style [is] captured by the way of writing in and 
of itself (rather than expressed through 10)... writing is reasoning for us.” 
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This table of numbers imagines how one of the earliest mathematical cultures on 
record, the Babylonians of the second millennium BCE, might express the cubic. 
The two columns of cuneiform list the values of each side of the equation 


х3+11х+2=6х?+2х+6 


which is the result of reorganizing x? — 6x? + 11x — 6—2x —2 so as to avoid negative 
terms (without giving in to the temptation to simplify along the way). Our solutions 
are the row numbers—first and fourth—of those rows in which the first and second 
entries are equal. Those entries, «v and Т <, are numerals for 14 and 110, respectively. 
The entire table is 17 Interpreted in Hindu-Arabic numerals in the next variation. 

One of the benefits of studying the history of mathematics, according to the 
American mathematician Barry Mazur, is that it unifies mathematics into “one long 
conversation stretching over millennia."^ An actual artifact from this period—the 
tablet known as The Babylonian Cellar Text —demonstrates numerous calculations 
of basement dimensions in terms of its length, width, or depth and the amount of 
excavated earth.*! By constructing tables of values of n>+n7, it appears that the 
Babylonians were able to solve equations of the form ax? + bx? = c. 


14" 

32" 

172" 
1750" 
3:27 
444" 
772! 
1072" 
13750" 
18732" 
247 14" 
3172" 
3972" 
48720" 
29:28 
1211714" 
192572" 
1940732" 
1957750" 
221772" 
2938714" 
39032" 
392772" 
3954750" 


14" 
34" 
176" 
1750" 
2°46" 
3754" 
5714" 
6746" 
8730" 
10°26" 
12734" 
14754" 
17°26" 
20710" 
2376" 
26714" 
29734" 
3376" 
36750" 
40746" 
44754" 
49714" 
53746" 
58730" 
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Opening our ears to the voices captured by historical artifacts is of course not a 
straightforward business. This table of numbers presents an interpretation of the 
cuneiform in 16 Ancient. The two columns translate the Babylonian script into 
Hindu-Arabic numerals while preserving the base 60 positional notation, following 
the example of mathematical historians like Jens Høyrup of Denmark.*” The symbols 
for seconds, minutes, and degrees distinguish the units, multiples of 60, and multiples 
of 607, respectively. 
For a modern variation on this and the previous exercise, see 84 Tabular. 


Theorem. x€R, х2-6х2--11х-6-2х-2->х-А4Ух-і. 18 


Proof. x? —6x* - 11x -622x-2 
= (Subtract 2x —2) 
= (Subtraction prop.) х? -6x?4-11x -6— (2x -2) 22x - 2 - (2x —2) 
= (Simplify) x? – 6х? +9х—4=0 
= (Change variable) 
= (Substit. x 2 y -2) (у--2)-б(у--2)2--9(у--2)-4-0 
(Expand) (у? - 65? + 12y- 8) (6y? -24y - 24) - (9y-18) - 4-0 
(Simplify) у”-3у-2-0 
(Change variable) 
z (Substit. y=u++) (+1) -3 (u+4) -2-0 


= (Expand) (44364342) -3 (1) =2=0 
= (Simplify) i? -24- =0 
= (Solve) 
= (Multiplication prop.) u?(u? —2 + =)=из(0) 
(Simplify) иб – 2и +1=0 
(Factor) (и? – 1? 20 
(Zero factor) i? =1 


= (Cube roots) и=1ми= у 21602 


Indented 


= Я 1 -14iV3 1 -1-гү3 1 
= (Back substit. y) у=1+1уу= 29У + <a му= 215 + ERN 
2 


2 








= (Simplify) yz2vy--1vy-z-1 
(Back substit. x) x=2+2Vx=-1+2Vx=-1+2 
(Addition) х=4Ух=1Ух=1 
(Elimin. У) xz4vxz1 


39 


Indented 


40 


This exercise is based on a form that Raymond Boute, professor emeritus at Ghent 
University, calls calculational proof style.? Something of ап N-column extension 
of 2 Two-Column, this format separates each step of the proof from its justifications, 
which are nested like subroutines of an algorithm. The added depth of this form of 
proof accommodates the notable increase in proof complexity. This proof by dou- 
ble 22 Substitution (abbreviated here by "Substit.") is a variant of Cardano’s method, 
which is discussed more fully in 25 Open Collaborative and 88 Dialogue. Some of 
the innermost justifications provided in the angle brackets are really just hints be- 
hind which hide further steps and hierarchies (e.g., (Simplify) is a stand in for some 
sequence of algebraic operations). 

The symbol R, which also appeared earlier in 15 Matrices, denotes the set of real 
numbers, and V means “or.” 

Boute’s motivation for advocating this style is mainly pedagogical, but he also finds 
the dominant style of writing at the professional level wanting. He likens the style to 
the pre-symbolic era of algebra (see 7 Found) and quotes computer scientist Leslie 
Lamport: “The structure of mathematical proofs has not changed in 300 years.... 
Proofs are still written like essays, іп a stilted form of ordinary prose."^^ As moved 
as I am by this rallying cry, I have to wonder whether the real problem is prose itself 
or merely the stilted form it so often takes. 


Theorem. The truth value of the material implication that the algebraic equality of 
the univariate monic cubic quadrinomial x? — 6x? + 11x — 6 with the univariate linear 
binomial 2x —2 over the field of real numbers implies the exclusive disjunction x =1 
or x=4 is True. 


Proof. Suppose the existentialization of a field element x satisfying the antecedent 
algebraic equality. By the commutative and distributive properties of the field, the 
application of the polynomial subtraction operator with subtrahend 2х-2 to the 
antecedent equality results in the algebraic equality of the univariate monic cubic 
quadrinomial x? — 6x? +9х — 4 and the additive identity element. The ensuing factor- 
ization (x — 1)?(x — 4) of the additive identity element necessitates, according to the 
nonexistence of zero divisors in a field, the consequent exclusive disjunction. QED 
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This proof was written by puffing up 1 One-Line with mathematical terminology and 
incidental details. Thus, our cubic becomes the algebraic equality of the univariate 
monic cubic quadrinomial x? — 6x? + 9x —4 and the additive identity element. 

Like any other kind of writing, it is easier to write mathematics badly than it is to 
write it well. Nevertheless, an examination of style using a 13 Reductio Ad Absurdum 
approach has its merits. ^? 


Theorem (a statement derived from premises rather than assumed). The truth 
value (the attribute assigned as the semantic value of a proposition) of the material 
implication (the logical connective between two statements p and q that is equiva- 
lent to not both p and not q) that the algebraic equality (relationship between two 
algebraic expressions which asserts that they evaluate to the same value) of the 
univariate (single-variable) monic (having a leading coefficient of 1) cubic (third 
degree) quadrinomial (a four-term polynomial) x? — 6x? - 11x — 6 with the univari- 
ate (single-variable) linear (first degree) binomial (two-term polynomial) 2x — 2 over 
the field (a nonzero commutative division ring) of real numbers (the numbers that can 
be expressed by a possibly infinite decimal representation) implies the exclusive dis- 
junction (the logical operation that outputs True only when inputs differ) х= 1 or x 24 
is True (one of the two truth values in the Boolean domain, the other being False). 


Proof (a chain of reasoning using rules of inference that leads to a desired conclu- 
sion). Suppose the existentialization (a quantification which is interpreted as "there 
is at least one") of a field element (a member of a nonzero commutative division 
ring) x satisfying the antecedent (the first operand of a material implication) al- 
gebraic equality (relationship between two algebraic expressions which asserts that 
they evaluate to the same value). By the commutative (having the symmetry of a 
binary operation wherein the result does not depend on the order of the operands 
to which it is applied) and distributive (having the symmetry of an operation on a 
combination in which the result is the same as that obtained by performing the op- 
eration on the individual members of the combination, and then combining them) 
properties of the field (a nonzero commutative division ring), the application of the 
polynomial (an expression that is a sum of terms, each term being a product of a con- 
stant and a non-negative power of a variable or variables) subtraction operator (the 
inverse of the addition operator) with subtrahend (the second operand of the sub- 
traction operator which, when added to the difference, equals the minuend) 2x —2 
to the antecedent (the first operand of a material implication) equality results in the 
algebraic equality (relationship between two algebraic expressions which asserts that 
they evaluate to the same value) of the univariate (single-variable) monic (having a 
leading coefficient of 1) cubic (third degree) quadrinomial (a four-term polynomial) 
x? — 6x? +9х — 4 and the additive identity element (the element of a set that leaves 
other elements unchanged when added to them, often denoted as 0). 'The ensuing 
factorization (a decomposition into a product of factors, which when multiplied to- 
gether give the original) (x — 1)2(х — 4) of the additive identity element necessitates, 
according to the nonexistence of zero divisors (nonzero elements in a ring that can 
be multiplied with another nonzero element in the ring to form a product equal to the 


20 


Definitional 


43 


Definitional ring’s zero element) in a field (a nonzero commutative division ring), the conse- 
quent (the second operand of a material implication) exclusive disjunction (the 
logical operation that outputs True only when inputs differ). QED (quod erat 
demonstrandum / being what was required to prove) 
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Unpacking the language of the statement of a theorem is usually an instructive exer- 
cise. When learning a new field of mathematics it’s not unusual to have to look up the 
definition of a word that appears in the definition of a word that you’ve just looked up, 
and I contend that the inflationary process illustrated by this “larding” of 19 Jargon 
is not as much an exaggeration as it might appear.*° 

Sometimes this exercise by itself leads to a proof, which, we then say, “follows 
from definitions.” One example is the theorem that every real number is the limit of 
a Cauchy sequence of rational numbers. What’s a Cauchy sequence, you ask? Well, 
if we’ve defined a real number to be the limit of a Cauchy sequence (whatever that is) 
of rational numbers, then it doesn’t matter. The proof follows from the definitions. 

How is this even possible? Gian-Carlo Rota reminds us that “what an axiomatic 
presentation of a piece of mathematics conceals is at least as relevant to the under- 
standing of mathematics as what an axiomatic presentation pretends to state.”4¢ In 
other words, the definitions of a mature theory are crafted with such ingenuity that 
alone they may be capable of the heavy lifting required to prove a theorem. 
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More than a teaching aid, a blackboard is a medium for mathematics. Science histo- 
rian Michael Barany and sociologist Donald MacKenzie argue that the material and 
performative qualities of chalk and board contribute to the discipline’s characteristic 
rigor in that mathematical arguments on a “visually shared” blackboard “proceed step 
by step, and can be challenged by the audience at each step."^? This degree of expo- 
sure, while illuminating, is no doubt a source of anxiety when called to the board. 
Some students would rather avoid doing math altogether. 

When Yale University incorporated the nascent technology of blackboards into 
geometry exams in 1830 it sparked a literal rebellion that ended in the expulsion 
of over forty students.” Even if one knows how to hold a piece of chalk to pre- 
vent screeching (like a wand—not like a pen), effective board-work is a skill to be 
learned like any other in mathematics. I still remember being chastised by a promi- 
nent Japanese knot theorist for my improper use of the eraser when diagraming a knot 
at the board. 

The proof displayed here uses Cardano's method, which is detailed in 25 Open 
Collaborative. 


Theorem. /fx is а real number and x? - 6x? -11x —6-2x —2, then x=1 or x=4. 2 2 


Proof. By subtracting 2x — 2 from both sides of the given equation, we have the cubic 
equation x? — 6x? +9х—4=0. This can be simplified by the substitution x= y+ 1: Substitution 


0-(y-1? -6(y+ 1 4-9(y-1)-4 
—(y +3у2 +3у+1) – (65? - 12y- 6) -(9y 4-9) -4 
-у-3у 
-уХу-3). 


Therefore у is 0 or 3. It follows that x is 1 or 4, as was to be shown. o 
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In literary terms, we might identify substitution with “metaphor,” as the historian and 
philosopher of mathematics Reviel Netz does. “Mathematics,” he says, “can only be- 
come truly interesting and original when it involves the operation of seeing something 
as something else."?? 

Substitution, in technical terms, refers to the transformation of an equation, inte- 
gral, or other object by replacing every instance of a variable (e.g., x) by some other 
variable expression (e.g., у+ 1) with the intention of either simplifying the object 
or casting it into a more complex but tractable form. Having found a solution to a 
problem thus changed (e.g., у=0), the final step in the method of substitution is to 
translate the solution back in terms of the original variable (e.g., x = 1). See 47 Clever 
for an example of a non-elementary substitution. 

A sudden or unexpected change of terms can leave the reader as mystified as 
Goethe, who complained that mathematicians are “like a certain type of Frenchman: 
when you talk to them they translate it into their own language, and then it soon turns 
into something completely different."?! 


Theorem. Let x be a real number. If x? - 6x? + 11x —6—2x —2, then x is 1 or 4. 2 5 


Proof. Subtracting 2x — 2 from both sides of the equation shows that its solutions are 
the roots of the cubic curve y 2x? — 6x? +9х —4. Every cubic curve is symmetric 
about its point of inflection Q; that is to say, P is a point on the curve if and only if 
К=20 —P is as well. In particular, a root P of the cubic curve may be realized as 
the reflection А =20 - P. 


Symmetry 





In this case, О-(2,-2), which implies that the reflection of P=(x,0) is R= 
2(2, 2) – (x,0) x (4 — x, —4). Setting y=—4, solve for the x-coordinate of R, хр as 


follows: 
Xp— 6x2 +9x p —4=—4 
хі — 6x7 +9хь=0 
XX 3y =0. 
Hence xg is 0 or 3. But xg —4— x, and x is 1 or 4 as claimed. 0 
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Whenever possible, mathematicians look to see if a problem will divide along a line 
or axis of symmetry because it means there’s a good chance that a solution to one part 
of the problem will extend, “by reflection" or “by rotation" as it were, to the problem 
as a whole. In this case, a symmetry about the inflection point—the point where the 
graph changes its sense of curving, from downward curving to upward curving—is 
exploited to reason about the desired solutions. Why is every cubic curve symmetric 
about its point of inflection? 
24 Another Symmetry offers a more abstract idea of symmetry. 


Theorem. Let x ER. If x? -6x? +11х-6=2х- 2, then x=1 or x=4. 
Proof. Suppose хү, Хо, X3 are the roots of the cubic polynomial 
f(x)=x? - 6x? +9х—4. 
Consider an associated polynomial g(y) whose roots are given by a linear combination 
у= суху + Сү Хэ + сз Хз 
for a fixed set of coefficients сү, Со, сз and which does not depend on the ordering 
of the roots Хү, Хо, хз. It must have a root for each reordering or permutation of the 
roots. There are 3! —6 permutations of three things, and the roots of g(y) are: 
Yı SCX] t €9X5  €4X5 
y? SCX] +С2Х3 +C3X2 
Уз 7 €4X5 +C2X1 +C3X3 
Уд= €4X5 +C2X3 + C4X| 
Js 7 €X3 +C2X1  C3X5 
Ys = €1X3 + сх + сзх1. 
This implies that g = g(y) is a degree six polynomial, which would appear to be even 
more difficult to solve. However, we can choose the coefficients Сү, со, сз so that the 
exponents of y in the nonzero terms of g have powers equal to multiples of three. 
This means that the degree of the polynomial g = g(z), where z= уз, is only two, and 
y would be the cube root of the solution of a quadratic. A necessary condition for this 
to occur is that if g(y)=0, then g(@y)=0=g(@7y), where о is a primitive third root 
of unity, that is œ is a complex number such that о? = 1 and oz 1. If y, = y;, then 
@C X] + сх. + 0€4X4 =C X] + сохз+сзхо. But a comparison of the coefficients in 
x, reveals the contradiction o —1. Hence оу £ у, and a similar arguments shows 
that wy, уз and wy, = yg. Suppose oy, = у4, then 
MC {xX +OC 1X4 T 0C3X4 —CX5 Tc5X4 Tex. 
By comparing coefficients we see «c, = сз, 9€; =C], @C3 = C5, OF 
c; = 0c, €4—0C€,. 


Thus by setting c; —1, we have c; —o?, сз= о, and we can express all six roots 
of g in terms of y, and уу. Indeed, уу-о?у,, у= оу, уз =0?у, and yg-oy;. 
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The polynomial g(y) then takes the form 


&0)2 6 -»)0G(- ey) - OY )Y—Y2\(V—-@Y2)(¥ -@ y;) 
-Q!-yD6o-y) 
=y =} HYY +355, 
where the second equality follows from the identity 1+@+a@*=0. 
Notice that the coefficients y? + уз and ууу) of g(y) are symmetric with respect to 
all permutations of the roots Хү, Хо, x4. The fundamental theorem of symmetric poly- 


nomials implies that these coefficients can be expressed in terms of the elementary 
symmetric polynomials 


E, =X, +X + Xs, E, =x1X3 +X2X3 + X1X3, Еұ-хүхҙх. 


According to Vieta’s formulas, these elementary symmetric polynomials сап be eval- 
uated in terms of the coefficients of f(x): E, =6, E,=9, Е. =4. A somewhat tedious 
but straightforward computation then yields 


Y +y =2E? -9E Е, +27Е,=54, уу? =(Е2-3Е,)=729. 
Hence 
4(у)-у”-54у”-:729-()”-27у, 


and we obtain that the roots of g(y) are {3,3@,3@7}, and that each such root has 
multiplicity two. By symmetry, we may assume that y, =y,=3. The roots of f(x) 
are now the solutions of the linear system 


y, =X, +о?2х, +®х.=3 
y,=X,+@x,+07x,=3 
E =X, +X_4+X, =6. 


Solving this system, one finds that x, —4, x, =x, =1, and the proof is complete. О 


This solution of the cubic also exploits symmetry, but in a more subtle way than 
the last variation. The strategy is due to the eighteenth century Italian-born mathe- 
matician whom most consider to be a Frenchman, Joseph-Louis Lagrange. Instead 
of immediately reducing the problem of solving the cubic, it first doubles the degree 
of the polynomial to a degree six polynomial—known as the Lagrange resolvent— 
and then reduces this to a quadratic equation. Although other proofs (e.g., 25 Open 
Collaborative) do the same, this proof accounts for the doubling of degree and sub- 
sequent division by three in terms of the symmetry of the roots of a polynomial. 

A polynomial in two or more variables is called a symmetric polynomial if any 
permutation of its variables leaves the polynomial unchanged. For example, the ele- 
mentary symmetric polynomials up to degree three are E, E», Ез. In general, there 
are elementary symmetric polynomials up to any degree. The fundamental theorem of 
symmetric polynomials states (roughly) that every symmetric polynomial (of what- 
ever degree) can be expressed as a unique polynomial in the elementary symmetric 
functions.?? 

This modern conception of symmetry is expressed most often in the language of 
groups, and Lagrange's work is central to the prehistory of group theory.?? 
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Problem: Prove that if x € R and x? — 6х? + 11х—6=2х-—2, thenx=1 orx=4. 2 5 


1. Just to get things going, it’s perhaps worth noting that, in standard 
form, the polynomial equation is equivalent to MINX 


Open 
x —6x?+9x—4=0. Collaborative 


Comment by Alpha, June 25 @ 5:03pm | Reply 
1.1. You could also express it in Horner’s (another “standard”) form S. 
((x —6)x -9)x 4-0. 
Comment by Beta, June 25 @ 5:29pm | Reply 


2. I' sure others have already tried this, but I'm just wondering whether T 
it can't be factored 


x(x? -6x 4-9) 420 
x(x 3? 24. 


Comment by Gamma, June 25 @ 5:35pm | Reply 


2.1. I was just thinking along the same lines, but thought it would be құ 
cheating to use the factor theorem, which, knowing the solutions, P 
gives 


(х= D)(x - 4)(x — 4) 20. 


Comment by Delta, June 25 @ 5:36pm | Reply 


2.1.1. Sorry, but why are there three solutions? And isn't 1 the 
repeated root? 
Comment by Epsilon, June 25 @ 5:45pm | Reply 


2.1.2. That follows from the Fundamental Thm of Algebra, but қ 
using such а big hammer for this problem seems like P 
another kind of cheating. Oops! You're right, should be 
(х= D(x—1) (x—4) 20. 

Comment by Delta, June 25 @ 5:50pm | Reply 


3. One usually solves quadratics that don't obviously factor by "complet- БАХ 
ing the square.” Is there such a thing as “completing the сире”?? Not А6 
sure this is а real strategy as yet. 

Comment by Zeta, June 25 @ 5:59pm | Reply 
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3.1. The cubic binomial expansion is (х+а)3 =x? +3ax? +За?х+а?. 
Given that our quadratic coefficient is —6, we ought to take a= 
—2, so 
x? -6x? 9x -42 (x - 2 - 3x 4-4. 
Seems like there's no guarantee that we can complete a cube, 
at least not by simply adding a constant. 
Comment by Alpha, June 25 (9 6:19pm | Reply 


4. Actually, I just noticed that the original equation factors very neatly 


(x —1)(x -2)(x 2 3)  2(x - 1). 
Comment by Gamma, June 25 (8 6:20pm | Reply 


4.1. Canceling the common factor (x — 1) gives a quadratic with the 
desired solutions! 
Comment by Epsilon, June 25 @ 6:22pm | Reply 


. I want to go back to Alpha's last comment. If you make the change 


of variable у-х- 2 then you do at least get a cubic without a square 
term, 
y -3y-220. 
This seems important. 
Comment by Zeta, June 25 @ 6:41pm | Reply 


5.1. Tau calls this a "depressed cubic". Here's the relevant paper. 
Comment by Eta, June 25 @ 6:44pm | Reply 





5.1.1. Thanks Eta, I hadn't seen this before! 
Comment by Zeta, June 25 @ 6:47pm | Reply 


5.2. If you take 2=х +1, the linear and constant term drop out 
22-32-0 


and it’s easily factored. Is this cheating? 
Comment by Gamma, June 25 @ 6:51рт | Reply 


5.3. I don’t really have an idea here, but the 3 seems significant. 
a= 
у =3у+2 


Can we use it to kill more terms? 
Comment by Alpha, June 25 @ 6:52pm | Reply 


Сене 
EXUW 
X 

e 


5.3.1. Maybe this factored form of the cubic binomial expansion Ф. Ореп 


helps? Collaborative 


(х+а) 2x? +Зха(х+а)+а? 
Comment by Beta, June 25 @ 7:22pm | Reply 


5.3.2. Ah, yes! Let's take y-u- v, then Ре 
(и+ v? 23uv(u - v) +и 4 v? 
looks very much like our equation indeed 
y =3y-2. 
Now we need to solve the system 
uv=1 
wW +122. 


Comment by Alpha, June 25 @ 7:25pm | Reply 


5.3.3. That's a quadratic in из. Substitute v=1/u into the BON 
second equation (5422 
1 
uw+—=2 
иЗ 
иё 2и 4-120 


with solution и = 1, which implies v=1 and у=2. We 
have a solution! 
Comment by Zeta, June 25 @ 7:28pm | Reply 


5.3.4. Since y=x—2, that gives the root x=4. % 
Comment by Alpha, June 25 @ 7:29pm | Reply м 
5.3.5. Dividing out the original cubic by (х-4) leaves EXE 
(x-1j 20. 95 
Comment by Zeta, June 25 @ 7:31pm | Reply 
6. That’s it, we have a proof! VE 
Comment by Alpha, June 25 @ 7:32pm | Reply x 
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This style is based on the Polymath Project. In 2009, mathematician Timothy Gowers 
of Cambridge University used his blog to propose, and later conduct, an experiment to 
address the question, “Is massively collaborative mathematics possible?"?^ The first 
problem he posted was to find a new proof of a special case of the density Hales-Jewett 
theorem in combinatorics. Unexpectedly, this was achieved in just over five weeks, 
with twenty-seven people participating in the online discussion. “Anybody who had 
anything whatsoever to say about the problem could chip in,’ Gowers explained." 
More recently, Polymath 8 (organized by another Fields Medalist, Terrence Tao) 
succeeded in refining Yitang Zhang's work on the twin primes conjecture.?? 

Besides its continuing practical value to mathematical research, the Polymath 
Project “shows vividly how ideas grow, change, improve and are discarded. .. and 
how even the best mathematicians can make basic mistakes and pursue many failed 
ideas.”>’ Here Gowers is echoing Imre Lakatos, the twentieth century philosopher 
of mathematics and science whose rational reconstruction of the historical develop- 
ment of a mathematical concept, Proofs and Refutations reads very much like a proto 
Polymath project, albeit with a lot more kvetching.?? 

The small images appearing to the right of the comments are avatars that were cre- 
ated with permission by Scott Sherrill-Mix's WordPress plugins WP. Identicon and 
WP MonsterID, which are based on software by Don Park and Andreas Gohr, re- 
spectively. The one exception is Tau's avatar, which is based on the 1546 frontispiece 
of Niccoló Tartaglia's Quesiti et inventioni diverse. 
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The score represents each side of the equation by a violin; the first violin plays a 
melody that approximates the cubic function on the left side of the equation while 
the second violin plays a chromatic line that represents the linear function on the 
right side of the equation. The four and a quarter whole note duration of the piece 
corresponds to the interval 3 <x <4. The range of the two functions over this interval 
has been divided into 54 semitones, which is the range of the continuously pitched 
classical musical instrument with the largest range—the violin—assuming a few extra 
high notes can be played off the fingerboard. The solutions to the equation occur when 
the two violins play the same note; that is, the СЁ on the first beat of the first full 
measure and the Cfi on the first beat of the last (partial) measure. 
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Input 
x? —6x?+11x—6=2x—2: cubic polynomial equation with two solutions; 
x : symbol; 


Output 
the two solutions; 


Needs 
Left_side, Right_side, Derivative, Remainder, Solve, Quotient; 


Local Variables 
A, B, P,Q, R,X,,X5; 


Begin 
A :- Left. side(x? - 6x? +11x—6=2x — 2); 
B :=Right_side(x* - 6x? -11х-6:42х-2) 
Р:=А- В; 
О := Derivative(P, х); 
while O40 do 
R:=Remainder(P,Q, х); 
Р:=0; 
О := К; 
x, :=Solve(P,x); 
x, :=Solve(Quotient(A — B,(x—x,)*(x—x,))); 
Return([x,X>]); 
End 
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How would a computer solve a cubic? Interestingly, one of the first things that a 
computer algebra system will do when fed a polynomial equation is look for repeated 
roots, just like x=1 in the case of our cubic. The key mathematical fact needed to 
do this comes from calculus: a repeated root of a polynomial P corresponds to a root 
shared with its derivative О. If you noticed that the two figures in the 3 Illustrated 
proof cross at x=4 but appear to be tangent at the repeated root x=1, this is the 
reason why. 

Finding a common root between two polynomials is a straightforward process, 
known as the Euclidean algorithm, and it is no more complicated than finding the 
largest whole number that evenly divides two given integers. This is accomplished 
by the “while” loop here. Once this subroutine finds the repeated root x = 1, it divides 
the cubic by (x — 1)? to find the remaining solution. 

In the same way that pseudo-code is a style of coding without using a specific pro- 
gramming language, mathematical pseudo-language is a style of computing without 
specifying a computer algebra system. This algorithm and the pseudo-language that 
I've used to convey it are based on Computer Algebra and Symbolic Computation: 
Mathematical Methods by Joel S. Cohen.?? 





Input: х? - 6x? +11х-6=2х-2 





22 2 











A :—Left. side(x? — 6x? +11х-6=2х-2) 


B :=Right_side(x? — 6x? +11х-6=2х-2) 




















5 "m 





Р:-А-В-х-6бх2-9х-4 











v 





О:=Р!'=3х? -12х+9 











%----------------------2л 








x, :=Solve(P,x)=1)< 











У 








x, :=Solve((A – B)/(x xj, x) 24 








True 





False 

















Output: [x;, x5] 2 [1,4] 








v 


R:-Remainder(P,Q, x) ———> Ғ:-О 
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A flow chart is “a device for visualizing a process as a means of improving it.” In this 
case the process is the previous 27 Algorithm variation. The 59 Patented variation 
appropriates this flow chart. School teachers sometimes use flow charts as visual aids 
to students learning the process of solving an elementary algebraic equation and the 
basic steps of a proof by contradiction.Ó! Other types of flow charts, including state 
diagrams and decision trees, commonly appear in applied mathematics contexts. 
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As discussed in the 25 Open Collaborative proof and elsewhere, a change of variable 
allows us to reduce our cubic equation to the quadratic-free cubic 


23-32-2-0. 
In fact, every cubic equation admits the form 
2 +р2+9=0 


for some choice of coefficients p and q. If we interpret the triple of numbers (p,q, 2) 
as geometric coordinates (x, y, z), then it becomes possible to construct the space of 
solutions to all reduced cubics as the graph of the equation 


23+х2+у=0. 


The photograph shows a paper model of the surface defined by this equation with 
a hand pointing in the direction of the coordinates (—3, —2,2) and (—3, —2, —1) that 
represent the two solutions 2 and —1 of our reduced cubic, for which p=—3 and 
4--2. 

Physical models of algebraic surfaces, most often made from plaster but also paper, 
wood, or string, enjoyed a broad distribution in the late nineteenth and early twenti- 
eth centuries. Mathematician Arnold Emch made a model of this surface sometime 
around 1935, though I wasn’t able to confirm whether or not it is still in the collection 
of the University of Illinois where he was professor. 

This model was made by Sarah Dennis, an undergraduate student working on 
this project, by printing computer plots of cross sections of the region beneath the 
surface, cutting vertical notches in each, and interlocking the cross sections. Such 
"sliceform" models, as they've come to be called,® were likely a preliminary step in 
the fabrication of plaster models.™ 


To find the solution of x? —6х? +11х-6=2х-2, first rewrite the equation in stan- 
dard form as x? –6х2 +9х —4=0. The root of a cubic polynomial ax*+bx*+cx+d 
is given by Cardano's formula: 


sPodge dx e meld du 
2743 ба? 2а 2743 ба? 2а За 9a? 
x grow ПЕ Re cd ds в 
27a 6a? 2а 27a 6a? 2a За 9a? За? 


Given the coefficients, a= 1, b=—6, c=9, d = —4, the formula provides the following 
solution: 
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The difficulty remembering Cardano’s formula isn’t just that it’s so long, there’s also 
a subtlety at work in the cube roots. Just as one needs to account for both positive and 
negative square roots in the quadratic cousin to this formula, there are additional so- 
lutions resulting from different complex cube roots. This subtlety, which was ignored 
by the author of this exercise, gets a fuller treatment in 31 Counterexample. Here is 
а complete formula for each root x, of the general cubic equation, where n=O, 1,2: 
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The formula is named for the author of the 7 Found proof. 


Claim. If х —6x?+11x—6=2x—2, then Cardano's formula implies that x —4. 


Counterexample. Cardano's formula returns the following equation 


x=V14+V142, 


and by taking the value of V1 to be 1 we obtain the given solution x =4. However, 


1 is not the only number whose cube equals 1. Observe 


-14-ү-3 £ (=1+V-3X-1+ V-37 
7.0: = — -” 
_(-14+V-3)(-2-2V-3) 
e аж 


_2—2(—3) 
ERE 
-1. 


A similar exercise also shows that 


Combining these two complex cube roots of unity yields a second solution 


x=V14+V142= эээ, slays 


+2=1, 
ян 


and the claim is refuted. 
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Given that algebraists in the Renaissance were not yet granting negative quantities 
full status as numbers, it may seem unreasonable to expect Cardano to have taken up 
square roots of negative numbers. And yet he does. In chapter 37 of the Ars Magna he 
first notes that the “true” solution x =5 of the equation x? = x + 20 becomes a negative 
solution when the equation is “turned around” as x? +. x 220. Further into the same 
chapter he presents the following oft-cited discussion (translation by David Eugene 
Smith): 


If it should be said, Divide 10 into two parts the product of which is 30 or 40, it is 
clear that this case is impossible. Nevertheless, we will work thus: We divide 10 
into two equal parts, making each 5. These we square, making 25. Subtract 40, if 
you will, from the 25 thus produced, as I showed you in the chapter on operations 
in the sixth book, leaving a remainder of —15, the square root of which added to or 
subtracted from 5 gives parts the product of which is 40. These will be 5+ V-15 
and 5- 47-15. ... Putting aside the mental tortures involved, multiply 5+ У-15 
by 5— /—15, making 25-(-15) which is +15. Hence this product is 40.65 


Claim. Ј х –бх2+11х-6=2х- 2, then x=1 or x=4. 


Counterexample. Subtracting 2х- 2 from both sides of the equation puts the cubic 
polynomial in standard form x? — 6x? +9x —4=0, which factors as 


(х-І)(х-4)-0. 


This implies that x — 120 or x—4=0, and thus x=1 or x=4 as claimed, but only 
under the assumption that x belongs to a set of numbers X that satisfies the zero 
product property: 


for all a,be X, if ab=0 then a=0 or b=0. 


This need not be the case, as for example when X is the (finite) set of remainders 
after dividing an integer by 12 


X ={0,1,2,3,4,5,6,7,8,9, 10,11}. 


Define the sum, difference, and product of any pair of remainders to be the remainder 
of their usual sum, difference, and product after dividing by 12. Now we see that 
when x=7 the factorization above becomes: 


(х-І)(х-Ф-(7-1)(7-4)- 108. 


Since 12 divides 108 evenly this product corresponds to the remainder 0 in X. Alto- 
gether we have found three solutions to the equation, x, = 1, x; =4, and х; =7, and 
the claim is refuted. 
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Arithmetic on the set of remainders after dividing by twelve (or modulo 12) can be 
thought of as “clock arithmetic,” as it functions in a similar way to the hours on a 
clock face. 

The claim in this exercise could be viewed as an improvement made in response 
to the first criticism, 31 Counterexample. How could this claim be further refined to 
take into account this second counterexample? Typically one would limit the possible 
values of the variable x to the set of integers or rational numbers or real numbers, as 
many of the theorems in this collection do. (The least restrictive set of numbers that 
satisfies the zero-product property is called a domain.) 

As mentioned in the discussion following 25 Open Collaborative, Imre Lakatos 
was one of the first philosophers of mathematics to systematically study the back and 
forth between claims and counterexamples that is typical of the historical develop- 
ment of mathematics.® Another feature of Lakatos’s analysis of counterexamples that 
I have imitated here is the way they can emerge from criticism of different proofs of 
the same claims. (Note that the counterexample of this claim also refutes the claim in 
31 Counterexample.) As a result, Lakatos points out, it is often possible to recognize 
in the various assumptions listed at the start of a theorem—or an as-yet-unfalsified 
claim—the traces of the multiple failed proof ideas from which it was wrought. 


Theorem. Define f : RR to be the function f (x) = х? - 6x? +9х —4. If f(x)=0, 5 5 


then x 210r x—4. 


Proof. Let's construct the Taylor series of f about the first of the two purported 
roots, x=1. Compute the derivatives of f: f'(x)23x?— 12x49, f"(x)26x—12, 
f" (x) «6, and f™ «0 for n 24. Hence 


ға) ҡо 


ХЭН Л a eM 


=0+0-3(x- 1) +(x-1) +0 
=(х-1)2(-3+х-—1) 
-(х-1У(х-4) 


Calculus 


fd) 


3! 





(x-1)? + (х-1)3+... 


Thus, the roots of f are 1 and 4, as claimed. 


75 


Calculus American mathematician William Thurston’s 1994 article “On Proof and Progress 
in Mathematics” outlines a list of different conceptualizations of the derivative.9" It 
reads like an assignment for another set of exercises in style: 


. Infinitesimal 

. Symbolic 

. Logical 

. Geometric 

. Rate 

. Approximation 
. Microscopic 


д ооо ром 


37. Langrangian section of a cotangent bundle. 


“Mathematics in some sense has a common language: a language of symbols, tech- 
nical definitions, computations, and logic,’ Thurston observed. “This language effi- 
ciently conveys some, but not all, modes of mathematical thinking,” he warned; “Un- 
less great efforts are made to maintain the tone and flavor of the original human 
insights, the differences start to evaporate as soon as the mental concepts are 
translated into precise, formal and explicit definitions." 6 

The first draft of this proof applied the product rule exemplifying the symbolic 
way of thinking. The derivative here is conceived as an approximation to the cubic. 
Thanks to Amy Feaver of The King’s University in Edmonton for suggesting this 
revision. 
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7; uppose that the intensity of a 
Y quality (8 a8 tbe cube of it8 er- 
G9 5, tension and 9 times that [e88 6 
times 18 Square. St will be Demonstrated 
that when thig quality adyiede3 an intensity 
of 4, it8 extension i$ 1 or 4. One speaks of 
Bud) а quality a8 difformly diform, and it (8 
necessary to have recourse to a speculative 
mensuration of the curved figures. Ош 
Speculation will proceed in accordance with 
the method of double (0186 position. Lo be- 
gin, put arbitrarily that tbe ertension (8 
1. Therefore the cube and 9 times the er» 
tension [e88 6 timed its Square, namely 1 
and 9 1588 6, i8 exactly equal to 4. Зп 
deed 118 а true Solution, a8 claimed. Nert 
put arbitrarily that the ertension i8 2. The 
cube and 9 times it [e88 6 times it8 Square, 
namely 8 and 18 minus 24, results in 2. 
Thig differs from 4, tbe true value, by 
minus 2, therefore thig position i8 false. 
Thus for the extension put 12. She sum 
of the cube anb 9 times it [e88 6 times the 
square, namely 1728 and 108 minus 864, 
refultà in 972. This second position 18 al8o 
false. Che difference in the approgimations 
i8 their 81m, 2 anb 972, namely 974, since 
one error i8 minus anb the other plus. She 
question that now arí8e8 a8 to what to abb 
to the fir8t position 80 08 to decrease the 
Difference between the value of minus 2 that 


resulted and 4, the true number. Suppose 
that the quality were uniformly diform ober 
1018 difference. Then multiply this difference 
by the difference between the two positions 
and divide by the difference in the арргог 
imation that they produced, namely tbe 2 
by the 10, and divide by the 974. The 
quotient iĝ = , therefore augment the er- 
tension by an amount of one unit to 3. 
This position 18 similarly false. The Зит 
of the cube and 9 times it [е88 6 times the 
Square, namely twice 27 minus 54, pie[b8 
по intensity at all. Lhe second position, 
namely 12, resulted in an intensity mud) 
greater than the true one; therefore halve 
the ertension, anb put 6 for the new second 
position. She 8um of tbe cube anb 9 times 
it 1688 6 timed the Зацаге, namely 216 and 
54 minus 216, now results in 54. Shig 
пето Second position i$ al8o false. Proceed- 
ing a8 before, multiply the difference by the 
Difference between the two positions; divide 
by the difference in the approrimations that 
they produced, namely the 4 by the 3; anb 
Divide by tbe 54. The quotient 18 2: whence 
the ertension i$ augmented one unit again, 
thi time from 3 to 4. Mow the cube anb 9 
timed tbe ertendion le88 6 timed it8 8quare, 
namely 64 anb 36 [e88 96, (8 exactly equal 
in intenity to 4. Hence 4 i8 the Second true 
Solution. 
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This proof is a pastiche of two medieval sources: Chapter 13 “оп the method 
elchataym and how with it nearly all problems of mathematics are solved” of the 
Liber abaci (Book of Calculation, 1202) by Leonardo of Pisa, a.k.a. Fibonacci, 
and the Tractatus de configurationibus qualitatum et motuum (A Treatise on the Con- 
figuration of Qualities and Motions, ca. 1370) by the scholastic philosopher Nicole 
Oresme.” 

The method of elchataym or double false position is known today as linear inter- 
polation. Given the task of estimating the solution x to the equation f (x)= y for some 
continuous function f, we make two guesses Хү, Хэ, calculate their values y, = f (x1), 
Уз = f (x2), and solve the equation of the line connecting the “false positions": 


X27 X1 
У У 





х-хі-(уі-у) 


Remarkably, Fibonacci obtained the real root of the cubic х2--2х2--10х--20 to an 
accuracy of nine decimal digits, possibly by repeated application of this method.”! 
That he refers to the method with the Arabic “elchataym” acknowledges the medieval 
Islamic mathematics from which he probably learned it. An earlier instance of the 
method appears in the ancient Chinese text, The Nine Chapters on the Mathematical 
Art.? 

Oresme's analysis of the intensity of a quality (or velocity) in terms of extension is 
a precursor of the modern notion of a function. In this correspondence a linear func- 
tion with nonzero slope is called a uniform difform; a nonlinear function, a difform 
deformity. 

To read the text of this variation in a less mesmerizing font face, see 35 Typeset. 


\documentclass [11pt] {book} 3 5 


\usepackage{multicol,yfonts,lettrine}%needs yinitas.mf 
\begin{document} 

\begin{center}\begin{multicols}{2} Typeset 
\textfrak{\begin{spacing}{1.25}\large 
\lettrine[lines=3]{S}{uppose} that the intensity of a quality is 
as the cube of its extension and 9 times that less 6 times its 
square. It will be demonstrated that when this quality achieves 

an intensity of 4, its extension is 1 or 4. One speaks of such a 
quality as difformly difform, and it is necessary to have recourse 
to a speculative mensuration of the curved figures. Our 
speculation will proceed in accordance with the method of double 
false position. 

А 

То begin, put arbitrarily that the extension is 1. Therefore the 
cube and 9 times the extension less 6 times its square, namely 1 
and 9 less 6, is exactly equal to 4. Indeed 1 is a true solution, 
as claimed. 

А 

Next put arbitrarily that the extension is 2. The cube and 9 times 
it less 6 times its square, namely 8 and 18 minus 24, results in 
2. This differs from 4, the true value, by minus 2, therefore this 
position is false. Thus for the extension put 12. The sum of the 
cube and 9 times it less 6 times the square, namely 1728 and 108 
minus 864, results in 972. This second position is also false. The 
difference in the approximations is their sum, 2 and 972, namely 
974, since one error is minus and the other plus. 

^ 

The question now arises as to what to add to the first position 

So as to decrease the difference between the value of minus 2 that 
resulted and 4, the true number. Suppose that the quality were 
uniformly difform over this difference. Then multiply this 
difference by the difference between the two positions and divide 
by the difference in the approximations that they produced, namely 
the 2 by the 10, and divide by the 974. The quotient is $\frac{\ 
textfrak{2}}{\textfrak{97}}$, therefore augment the extension by 
an amount of one unit to 3. This position is similarly false. The 
sum of the cube and 9 times it less 6 times the square, namely 
twice 27 minus 54, yields no intensity at all. The second 
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position, namely 12, resulted in an intensity much greater than 
the true one; therefore halve the extension, and put 6 for the new 
second position. The sum of the cube and 9 times it less 6 times 
the square, namely 216 and 54 minus 216, now results in 54. This 
new second position is also false. 

А 

Proceeding as before, multiply the difference by the difference 
between the two positions; divide by the difference in the 
approximations that they produced, namely the 4 by the 3; 

and divide by the 54. The quotient is $\frac{\textfrak{2}}{ 
\textfrak{9}}$, whence the extension is augmented one unit again, 
this time from 3 to 4. Now the cube and 9 times the extension less 
6 times its square, namely 64 and 36 less 96, is exactly equal in 
intensity to 4. Hence 4 is the second true solution. 
\end{spacing}} 

\end{multicols} 

\end{document } 


This exercise provides the electronic typesetting source code for 34 Medieval. 

When the idea of adapting Exercises in Style to a mathematical proof entered my 
head, I tried to block the infection by convincing myself that someone else had al- 
ready done it. Unfortunately, the only evidence I could find at the time was an outline 
of six potential directions for exercises in style by a one-time director at Wikipedia.fr 
who goes by the name EllislIk.’* Eight years later, however, I learn that in fact some- 
one else has by then done it. Rationnel mon Q: 65 exercices de styles by Ludmila 
Duchéne and Agnés Leblanc is a hilarious and skillful rendering of the proof of the 
irrationality of v2 into all manner of styles."^ Interestingly, there are only a few of 
their styles that overlap with ones I had written. One example of their plagiarism 
by anticipation, as the Oulipo would say, is “Irrationalité de V2 (source).” Like the 
example here, it reveals the ТЕХ source code that produces the typeset documents. 
Nearly everyone in the (international!) math and science community has come to rely 
on TEX (often pronounced “їеК”) since computer scientist and mathematician Donald 
Knuth released the open source typesetting system in 1978. 

The high quality output and relatively small file size of .tex source files has 
brought about a fundamental change in mathematical publishing and research (see 
37 Preprint). As an example of the source code for modern mathematical notation, 
here is the code for Cardano’s formula in 30 Formulaic: 


{\small 

\beginfalign*} 

\begin{split} 

x-&Nsqrt [\leftroot{-1}\uproot{2}\scriptstyle 3] 
{\left( \frac{-b73}{27a73} + \frac{bc}{6a72} - 
\frac{d}{2a}\right) + \sqrt{\left( \frac{-b73}{27a73} 
+ \frac{bc}{6a72} - \frac{d}{2a}\right)~2 + 

\left (\frac{c}{3a} - \frac{b72}{9a72} \right) ~3}} 
\\&+ 

\sqrt [\leftroot{-1}\uproot{2}\scriptstyle 3] 

{\left( \frac{-b73}{27a73} + \frac{bc}{6a72} 

- \frac{d}{2a}\right) - \sqrt{\left( \frac{-b73}{27a73} 
+ \frac{bc}{6a72} - \frac{d}{2a}\right)~2 + 

\left (\frac{c}{3a} - \frac{b72}{9a72} \right)~3}} 

- \frac{b} {3a}. 

\end{split} 

\end{align*} 
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Despite its reputation as a profession of lone geniuses or as a school subject for the so- 
cially awkward, mathematics does have a presence on social media, including Twitter. 
(Of course, as a technology, social media is in part a product of mathematics.) Ac- 
cording to a 2014 article in Science, there were two mathematicians among the top 50 
"science stars of Twitter.”’> Marcus du Sautoy (@MarcusduSautoy) of the University 
of Oxford ranked #19 with 34,200 followers and 3,555 tweets, while John Allen Pau- 
los (@JohnAllenPaulos) of Temple University came in at #43 with 14,000 followers 
and 4,144 tweets. Both were dwarfed by comparison with the astrophysicist and #1 
science tweeter Neil deGrasse Tyson (@neiltyson) of the Hayden Planetarium, who 
had 2.4 million followers at the time. The 137-character message here was partially 
modeled on tweets by Mathematics Papers (@ MathPaper), which posts links to new 
mathematics submissions to the preprint (arXiv) server. For the linked abstract, see 
37 Preprint. 

John McCleary’s Exercises in (Mathematical) Style: Stories of Binomial Coeffi- 
cients appeared as I was finalizing this manuscript. It is driven more by mathematical 
content, if I understand its intentions correctly, but has some direct overlaps with 
these proofs as well. In particular, his chapter “Tweets” demonstrates a group of 
tweeters working through a proof. 

Perhaps the time is ripe to reconstitute the Workshop for Potential Mathematics 
or Oumathpo. According to the Oulipo Compendium, “the principle objective of the 
[Oumathpo] was to make available to mathematics—in return for the structures that 
mathematics had contributed to literature (especially to the Oulipo)—mathematical 
applications of what had heretofore been purely literary ргоседигез.”76 Its members 
included Queneau, Le Lionnais, Roubaud, Berge, Paul Braffort, Georg Kreisel, Pierre 
Samuel, Gian-Carlo Rota, and Stanislaw Ulam." 


arXiv: 4307.1160 
Date: Wed, 28 Jul 1543 09:04:16 GMT (11kb) 


Title: On a cube and first power equal to a square and number 
Authors: Girolamo Cardano 

Categories: math.AG 

Comments: 4 pages, 1 figure 

\\ 

There has been important progress toward solving cubic equations 
since the pioneering work of Khayyam. In this century, a general 
method for obtaining solutions in the case of a cube and first 
power equal to a number was provided by del Ferro. In the present 
paper we compute all solutions of the cubic $х^3+9х=6х^2+4$ by 
transforming it into a quadratic-free cubic. There follows a 
discussion of certain derivative quartic equations. Additional 
applications include compound interest, profit on repeated business 
trips, and the proper distribution of monies among soldiers. 
\\(http://arxiv.org/abs/4307.1160, 11kb) 
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It’s not uncommon for different mathematicians, working independently, to discover 
the same object or prove the same theorem. If authors want to assert priority of—or 
simply share—their work before it makes its way through the peer review process 
and appears in print (anywhere from six months to a year or longer), they will post 
an electronic preprint of it on the preprint archive at arxiv.org. (For a pre-internet 
method of ensuring priority of scientific discovery, see 80 Paranoid.) 

This exercise takes the form of the daily e-mail alerts from the arXiv (pronounced 
“агсһіуе”) server. Subscribers can choose from any of thirty-two different subject 
categories, including, for example, Algebraic Geometry (math.AG). In the year 2016, 
there were 32,553 preprints posted to the Mathematics section of the arXiv.’® 


х?-6х2-11х-6:42х-2. 38 


x? - 6x? 9x 420. 
Parataxis 
(y+2)3 - 6(y - 2 49(y 4-2) -4 -0. 
у3-3у-2-0. 
(2zP – 322) -220. 
4z? —3z-1. 


4(cos 0)? —3(cos0) 2 1. 


4cos? 0 —3cos0 =cos 30. 
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See 47 Clever and its note for some details about the steps of this proof. 


Etienne Ghys, a mathematician at Ecole Normale Supérieure de Lyon in France, 
recalled spending six months trying to understand the results of [Marina Ratner’s] 
dynamics research to present them at a seminar. When he discussed the papers with 
her, he told her that he had the feeling that she had written the papers not for other 
mathematicians to understand but mainly to convince herself that the theorems 
were correct. Dr. Ghys said Dr. Ratner replied: “Yes! Exactly! You understood 
why and how I write mathematics.” 
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Fold in half to make Make a diagonal fold from © Fold horizontally to make 
crease and fold back corner to center crease crease and fold back 












































Fold along diagonal to Ө Fold vertically to make 
make crease and fold back crease and fold back 
E T 
x-4 
х= 1 
e Fold ** to meet bottom side and Ж to meet right side © Finished 


The slope of each crease is a root of x3 - 6x2 + 9х - 4 
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Any length that is constructible by straightedge and compass (see 12 Ruler and 
Compass) can be constructed by folding paper, without need of any tools beyond 
hand and еуе. 0 Furthermore, Italian mathematician Margharita Piazolla Beloch dis- 
covered that paper folding is, strictly speaking, a stronger tool because it can solve 
any cubic equation.?! Beloch showed this by demonstrating that origami could em- 
ploy Lill's method, a somewhat obscure, 60 Geometric way to solve a cubic. The 
orientation of Lill's right-angled path has changed here but it can still be traced out 
on this piece of origami paper, if one takes its dimensions to be 10x 10 units square. 
The points O and D of the 60 Geometric proof are, respectively, the open and filled 
stars in this proof. The key step #7 consists of making a fold that places these stars 
on adjacent edges, and the two different ways of doing this correspond to the two 
solutions. 

In Mathematics Under the Microscope: Notes on Cognitive Aspects of Mathemati- 
cal Practice, the University of Manchester mathematics professor Alexandre Borovik 
presents origami as an example of a “mathematical meme"—an elementary unit of 
cultural transmission with “the intrinsic property that it increases the precision of 
reproduction and error correction of the meme complexes it belongs to."9? 


Theorem. [fn is а natural number and п? —6n? +11n—6=2n—2, thenn=1 orn=4. 


Proof. Direct calculation shows that the cubic equation is satisfied for 1<n<4 only 
if n=1 or n=4. It remains to show that n?—6n?2+11n—642n—2 for all n>5. Let 
P(n) be the proposition n? — 6n? + 11n—6>2n—2. We will show P(n) by induction 
onn>5. 
The base case: For n=5, п — 6n? +11n—6=24>8=2n-—2. Thus Р(5) is true. 
The inductive step: Observe that 
(n+ 1) —6(n-- 1) - 11(n4- 1) -6(n4- 1) = (п? —6n? + 11n—6) + (Bn? —9n4+6) 
= (и? —6n? + 11n—6)+3n(n—3) +6 
»(07-6би -11п-6)-6 сіпсеп>3 
>(2n—2)+6 Бу the inductive hypothesis 
>2(n+1)-2 


and thus Р(и+ 1) is true. Then, by induction, we conclude that P(n) is true for every 
natural number n>5. Hence, n=1 and n=4 are the only solutions, as was to be 
shown. o 
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The principle of mathematical induction states that a proposition P(n) that depends 
on a natural number и is true for all n if P(1) is true and P(n+1) is true whenever 
P(n) is. This doesn’t sound like inductive reasoning of the sort used in the natural 
sciences—and it isn’t—but mathematicians do of course reason from particulars, for 
example when trying to figure out what to prove with the above principle. 

According to Florian Cajori’s article on the origin of the name “mathematical 
induction,” seventeenth century English mathematician John Wallis was given a hard 
time by his contemporaries for introducing the word “induction” to describe both the 
informal and the formal stages of intellectual work. *[Fermat] blames my demonstra- 
tion by Induction, and pretends to amend it....I look upon Induction as a very good 
method of Investigation; as that which doth very often lead us to the easy discov- 
ery of a General Rule,” Wallis complained, and, of another critic, Ismaël Bullialdus, 
“he thinks I have not done my invention so much honour as it doth deserve."?? 
What is more honorable, conjecturing or proving Wallis's product? 


I FAASS Te 


NEW SOLUTION ТО 
ANCIENT MATHEMATICAL 
RIDDLE 


By ANTONIO da CELLATICO 
Published: March 9, 1539 


It all started with the oracle at Delphi. 

In order to calm the political strife 
within the ancient Greek city of Delos, 
the oracle gave the citizens a geometry 
puzzle. It goes by the name of the “Delian 
problem,” and mathematicians have been 
mulling it over ever since. 

On December 29, an Italian mathe- 
matician from Brescia claimed to have 
solved a related problem that could turn 
out to be a breakthrough in the Delian 
problem. 

The Brescian, Zuanne de Tonini da 
Coi is said to have relied on novel tech- 
niques belonging to the field known as 
“Algebra,” though details of his solution 
have been slow to emerge. 

Da Coi’s claim appeared in a letter to 
the Milanese medical doctor and mathe- 
matician Hieronimo Cardano. 

“Its sensational," said Cardano, a re- 
cipient of grants from the Marquis del 
Vasto. “If it turns out to be right, it could 
signal a revolution in the field." 

Others are less convinced. 

"Sometimes we arrive at the solution 
of an equation without yet being able to 
justify it,’ said Niccolò Tartaglia, an- 
other mathematician from Brescia not 
involved in the study. “But before I see 
a proof, it's my habit to maintain doubt." 

Near the end of the last century, Luca 
Pacioli, the Franciscan friar and scien- 


tific collaborator with the great Leon- 
ardo da Vinci, struggled with similar 
problems of Algebra. According to sci- 
entists familiar with his treatise on the 
matter, Pacioli even suggested that some 
of the so-called “cubic equations" might 
not have solutions. 

Such doubts were shared by the 
Delians, too. The oracle's instruction was 
to measure a new altar to the god Apollo 
in the shape of a cube. One of Plato's fa- 
vorite forms, the cube is a solid in the 
shape of a die with six square sides all 
of which are equal. 

“The tricky part is that, according 
to the oracle’s demand, the new al- 
tar must equal precisely two times the 
old altar,’ explained Dr. Cardano. “You 
can't simply double the side length since 
that would result in an altar equal eight 
times the first" As much happiness as 
an oversized altar might bring Apollo, it 
wouldn't satisfy the oracle. 

In the elaborate terms of mathemat- 
ics today, da Coi's problem appears no 
less baffling than that of the ancients. Ac- 
cording to his letter, he finds "the cube 
and eleven times the side and two equal 
six times the square and twice the side 
plus six." 

And yet da Coi's equation might just 
have a solution. 

Until this new discovery is fully re- 
solved, research will continue. In any 
case, it seems likely that the Delian 
Problem will continue to command at 
least the attention of mathematicians, if 
not the citizens of Delos, for many years 
to come. 
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This style is modeled on various New York Times articles published in the last twenty 
years** and Martin Robbins’s satirical blog post “This is a news website article about 
a scientific paper" hosted by the Guardian.® 

The Delian problem is one of the classical construction problems—a question 
about numbers that can be constructed by straightedge and compass alone. Cardano, 
Tartaglia, and others were looking for solutions to cubic equations under the assump- 
tion that any cube root could be found or, as we say, “extracted.” Such distinctions are 
frequently lost in journalism causing great annoyance to the mathematically-minded 
but little harm to the general public. 

The names and dates here are based on Nordgaard’s article “Sidelights on the 
Cardan-Tartaglia Сошгоуегву.” 9 We have an account of the Delian problem from 
Plutarch. Doubling the cube by straight edge and compass was shown to be impossible 
by Pierre Wantzel in 1837. 


Theorem. There exists a real number x such that x? - 6x? + 11x —622x —2. 


Proof. Let f : RR denote the function whose value at x is the difference of the 
left and right sides of the equation: 


f(x)=x? -6x? + 14x -6— x —2). 


Define ACR to be the subset of the domain of f that maps to strictly negative real 
numbers 

A- (x: f(x) <0}. 
Observe that A is a nonempty and bounded subset of the reals. For example, 0c A 
since f(0)=—4, and 10 is an upper bound of A since f (10) 2486. According to the 
completeness axiom of real numbers there exists a real number c that is the least upper 
bound of A 

c —sup A. 

We will show that f(c)=0, and c is therefore a root of the equation. Let e» 0. By 
continuity of f, there exists 6>0 such that |f (x) – f(c)| «e whenever |x —c|« ó. 
The first inequality implies that 


fG)-e« f(c) < f (x) e. 


According to the properties of least upper bounds, there exists a real number a in the 
interval (c — 5, с] such that ae A. Thus (с) < f (a) +є <e, since f (a) <0. Moreover, 
there exists a real number b in [c, c +ô) such that f (b) g A. Now this implies that 
—e € f (b) — e « f (c), since f (b) >0. Combining the two inequalities yields 

—e < f(c)«e. 


As these bounds hold for any => 0, we conclude that f(c)=0 as claimed. П 
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A major branch of mathematics, analysis is the study of limiting processes, in- 
cluding infinite sequences and sums and the derivative and integral of calculus. 
Analysis is also the site of one of the most recognizable expository styles: the delta- 
epsilon style of proof. In the 1935 article “Variations du style mathématique," Claude 
Chevalley describes its two-fold characteristics: "First of all, in the intensive, and at 
times immoderate, usage of the “е” equipped with various indexes.... Secondly, in 
the progressive replacement of equality for inequality in the demonstrations as well 
as in the results."5" 

Though the theorem only asserts the existence of a root c, the proof provides 
bounds 0 « c « 10. Sharper bounds appear in 54 Arborescent and 69 Statistical. 

The argument here is essentially the proof of Bolzano's theorem, a particular case 
of the intermediate value theorem, which states that a continuous function attaining 
positive and negative values must have a root. The theorem is named for the nine- 
teenth century mathematician and philosopher Bernard Bolzano, who proved, using 
analytic techniques alone, that every nonconstant polynomial has at least one com- 
plex root а+ьү=1 . This more general result is known ав the fundamental theorem 
of algebra. See 51 Topological for an example that illustrates how this theorem can 
be proved using geometric methods. 


FADE IN: 
EXT. RENAISSANCE MILAN, ITALY DAY 


A town square. Church bells ring the noon hour. A crowd has 
gathered. CARDANO’s protegé, the young LUDOVICO FERRARI, stands at 
the center, with his ASSISTANT to the side. 


FERRARI 


Let him who calls himself Niccolò Fontana Tartaglia of Brescia 
come forth and defend his honor. He who prints libelous attacks 
upon our esteemed professor Girolamo Cardano in a vain effort 
to bring disrepute to our University of Milan, the greatest in 
all Lombardy. 


FERRARI looks over the crowd. PAN OVER as the crowd searches 
itself. PUSH IN to... 


TOWNSPERSON 
Brixians are chickens! 


The crowd cheers. Finally, FOLLOW a small man wearing sandals and 
modest linen robes as he makes his way through the crowd. 


TARTAGLIA 


Here, here I am. 


TOWNSPERSON 
Ta-ta-tar-ta-ta-taglia! 
The crowd jeers and makes way. 


FERRARI 
(To TARTAGLIA) 


Are you prepared? 
TARTAGLIA 


I did not traverse one hundred forty-three thousand six 
hundred and seventy nine braccio from Braccia, no, Brescia to 
Milan... 


The crowd laughs. FERRARI gestures to quiet them. 
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FERRARI 
Let him finish! 
TARTAGLIA 
To give counting lessons to a servant boy. 
The crowd "ooh"s. 
FERRARI 


Indeed, certainly you did not. No more can one count feathers 
on a boar or trotters on a chicken. 


The crowd laughs. 
TARTAGLIA 


What?! 
FERRARI 


Take no offense, ’twas only an observation of fact. For the 
Milanese pace is thrice the Brescian, and thus your one 
hundred forty-three thousand six hundred and seventy nine 
braccio is our forty-seven thousand eight hundred and 
ninety-three brabucco. 


The crowd cheers. 
TOWNSPERSON 
How you like ?еш countin’ lessons. 
(Laughter) 


TARTAGLIA 
(To FERRARI) 


Where is your master? 
FERRARI 


If his Excellency Signor Girolamo Cardano suffered every fool 
to challenge his authority in the art of algebra, he’d never 
have time for his patients. Surely if your genius overflows 
the bounds of our physician of Milan, you can best this lowly 
creature of his. 


FERARRI bows. TARTAGLIA nods. Screenplay 


FERRARI 
(To his ASSISTANT) 


As he commands. 
ASSISTANT 


I hereby declare that on this the tenth of August in the year 
fifteen hundred and forty-eight of our Lord in our fair city 
of Milan, the visitor Niccolo Fontana Tartaglia of Brescia 
challenges Girolamo Cardano, represented here by Ludovico 
Ferrari Esquire, to a duel of the mind. The dishonored shall 
pay the winner two hundred scudi. 


FERRARI jingles a leather pouch over head. The crowd cheers. 


ASSISTANT 
(Continuing) 


Both parties have exchanged thirty problems. As visitor, 
Tartaglia, you may begin by presenting your solution to the 
first problem, which I shall now read. 


He unfurls a scroll. 


ASSISTANT 
(Reading) 


A bankrupt merchant begins for the repayment of half his debt 
in three years. The agreement is that each year he pays the 
same proportion of the remainder. He now... 


TARTAGLIA 
What? I’ve never seen this... 
FERRARI 


Is there a problem? If you wish to drop your challenge, simply 
say so. 


TARTAGLIA 


N-n-no! Continue. 
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Screenplay ASSISTANT 
(Reading) 


He now wishes to know the amount of the initial payment he 
must make in order that after three years he will have repaid 
half his capital plus a debt fee equal three quarter his first 
payment. 


CLOSE ON TARTAGLIA. He mops his brow with a handkerchief. 


TARTAGLIA 
(V.0.) 


Suppose the debt were two hundred. The first Year?s 
payment. .. 
CLOSE ON FERRARI?S PURSE. 


TARTAGLIA 
(V.0.) 


By the second year he will pay it less half its square. 
Images of dancing coins float with his mental calculations. 


TARTAGLIA 
(V.0.) 


And the third year he pays the first payment less its square 
plus a quarter its cube—all of which must come to one hundred 
plus three quarters of the first... 


TOWNSPERSON 
(Tapping his walking stick on the ground) 


Ta-ta-ta-ta... 


TARTAGLIA sweeps the TOWNSPERSON’s walking stick out from under him 
with his foot. The TOWNSPERSON collapses, much to the amusement of 
the crowd. Without missing a beat, TARTAGLIA picks up the walking 
stick and continues his calculation, tracing figures in the dust 
with its end. TRACK as he writes "cube and 9 cose equal 6 square 
and 4." The crowd is silent. Then "cube equal 3 cose and 2." 


TARTAGLIA?^S MOTHER 
(У.0. in Italian verse) 
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In el secondo de cotesti atti Quando che?l cubo restasse lui 
solo Tu osservarai quest’altri contratti... 


TARTAGLIA stops writing. 
TOWNSPERSON 
He?s stumped! 


TARTAGLIA 
(To the TOWNSPERSON) 


Half. He repays half his debt in the first year. 
ASSISTANT 
Correct. 


The crowd gasps. FERRARI-CLOSE. Sweating. 


FERRARI 
(Grabbing the scroll from his ASSISTANT) 


Let me see that. 


GIROLAMO CARDANO, disguised in monastic robes, peers out from 
behind a fruit vendor’s cart. 


TARTAGLIA 
(Shouting into the crowd) 


Cardano, where are you? 


CARDANO leaps back behind the cart, takes out a pen and scribbles 


on a scrap of paper that he gives to a BOY. Without being noticed, 


the BOY darts through the crowd and delivers the message to 
FERRARI. He places it in the scroll, which he returns to the 
ASSISTANT. 


FERRARI 
Next question! 


ASSISTANT 
(Reading the scrap of paper) 


Four times a number exceeds by two the product of its square 
and cube. What is the number? 
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Screenplay TARTAGLIA 
A qui-qui-quintic? 
The crowd laughs. 


TARTAGLIA 
(to FERARRI) 


I know my limitations. Do you yours? 


ASSISTANT 
What is your answer? 

TARTAGLIA 
What is yours? 

ASSISTANT 


Your query is out of turn. Answer or admit ignorance. 


TARTAGLIA is silent, but then begins again his calculations in the 
sand. The crowd steps back to make more room. CARDANO elbows the 
head of the BOY to get a better view. TARTAGLIA nears the fruit 
cart, but stops abruptly. 


TARTAGLIA 
I cannot extract the root. 

ASSISTANT 
You admit ignorance then? 


TARTAGLIA turns his back to FERRARI, and slowly walks away. He 
hands the stick to the TOWNSPERSON. 


TARTAGLIA 
Of course. 
TOWNSPERSON 
The chicken is cooked! 


The crowd laughs and cheers. 
TARTAGLIA-CLOSE. Brow furrowed. 
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TARTAGLIA Screenplay 
(V.0.) 


At least I was honest in my ignorance. No one, least of all 
Ferrari, could solve the problem. 


REVERSE to FERRARI watching him leave. With TARTAGLIA nearly out 
of sight, CARDANO steps forward to examine TARTAGLIA’s writing in 
the dust. 


CARDANO 
(Reading out loud) 


One thousand and seventeen parts in two thousand... 


Pressed by the crowd, FERRARI backs into CARDANO and tramples the 
solution. 


CARDANO 
(To FERRARI) 


You ignoramus! 


TARTAGLIA-CLOSE. The crowd in the distance. He dons a small but 
victorious smirk. 


FADE OUT: 


THE END 
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The hero genius is one of the most well worn narratives in the dramatic depiction 
of mathematics, closely accompanied by the mad genius. This characterization dates 
at least as far back as antiquity, when Archimedes, unable to contain his excitement 
at discovering the principle of displacement in his bath was supposed to have run 
through the streets of Syracuse in his birthday suit shouting “Eureka! Eureka!” With 
his discovery, he solved Hiero’s problem, and such challenges are another feature 
of mathematical dramatizations that persist to today. Surprisingly, the mathematical 
duel between Tartaglia and Cardano is part of historical record, though the dialogue 
here is based on cinematic tropes of today. 

According to a series of public letters between Tartaglia and Cardano’s protegé 
Ludovico Ferrari, after repeated entreaties from the latter, Tartaglia divulged his 
solution to the reduced cubic, which he had committed to memory in the form of 
a poem (see 81 Doggerel note). Cardano promised not to publish Tartaglia’s solu- 
tion. Some time later Cardano found evidence that the mathematician Scipione del 
Ferro, a professor at the University of Bologna, knew the formula prior to and in- 
dependent of Tartaglia, and Cardano satisfied himself that it wouldn’t be breaking 
his promise to publish the solution since it wasn’t really Tartaglia’s in the first place. 
Tartaglia saw it differently. In a series of pamphlets published at his own expense, 
he waged a war against Cardano and this was the background for the mathematical 
showdown that took place at ten o’clock in the morning on August 10, 1548 at the 
Church of Zoccolante in Milan. By all accounts, Cardano didn’t show up to the duel, 
but his “creature,” as Tartaglia called him, did. 

The screenplay format here is based on guidelines published by the Academy of 
Motion Pictures Arts and Sciences.*® 


There is a simply beautiful theorem which provides all solutions of the equa- 4 4 
tion х?—6х? +11х-6=2х-2. Alas, any further explanation would deny you the 
satisfaction of discovering it on your own.... 
Omitted with 
Condescension 
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The second sentence paraphrases a line from The Geometry of René Descartes: 
“T shall not stop to explain this in more detail, because I should deprive you of the 
pleasure of mastering it yourself, as well as of the advantage of training your mind 
by working over it, which is in my opinion the principal benefit to be derived from 
this science. Because, I find nothing here so difficult that it cannot be worked out by 
any one at all familiar with ordinary geometry and with algebra, who will consider 
carefully all that is set forth in this treatise."9? 

This echoes a similar sentiment appearing in a recent translation of Omar 
Khayyam’s book of Algebra: “I could have presented an example for each of the 
types and kinds [of problems] to prove validity. But I avoided lengthy arguments and 
I limited myself to general rules counting on the intelligence of the student, because 
any person who has enough intelligence to understand this article would not fail to 
produce what he needs of partial examples. God gives guidance to the good, and on 
Him we depend.””° 
Sherlock Holmes is more to the point: “I am afraid that I rather give myself away 


when I explain. Results without causes are much more impressive.”?! 


Suppose the real cubic polynomial х cubed minus six x squared plus eleven x minus 
six equals two x minus two. Or, simply, x cubed minus six x squared plus nine x 
minus four equals zero. Then x has two roots, one and four. The idea of the proof 
is to transform the equation by a change of variable into a degree six equation that 
factors as a perfect square of cubes. This is usually done in two steps. First, get rid of 
the quadratic term by substituting y plus two in place of x. This results in the so-called 
depressed cubic, y cubed minus three y minus two. Second, replace y by the sum of z 
plus one over z. After multiplying the result by z cubed to clear the denominator, we 
get z to the sixth power minus two z cubed plus one. This factors nicely as z cubed 
minus one times z cubed minus one. So, z is a cube root of unity: either one, or minus 
a half plus half the square root of minus three, or minus а half minus half the square 
root of minus three. If z equals one, then y is two, and x, four. Taking z to be either of 
the two complex cube roots results in y equal to minus one, which gives the double 
root, x equal one. So, there are only two distinct roots of the cubic, one and four. 
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This proof began as a direct transliteration of 18 Indented, which turned out be 
unbearably monotonous. The total absence of flow and emphasis made it difficult 
to check. The bilateral structure that symbolic equations impose was completely 
obscured. To alleviate this, I added punctuation and parallel grammatical structures 
where possible. 

It wasn’t until the late Renaissance that one could rely on symbolic algebra when 
writing a proof. Did proofs like Cardano’s (see 7 Found) sound as awkward (his 
translator uses the word “сгийе”) to ears back then as they do to ours? 

I wish there were more math audiobooks. Not only because I have a long commute, 
but also because maybe then more mathematical writers would develop a “voice.” 


Theorem. Let x be real. If х? —6х? --9x —4—0, then x equals 1 or 4. 4 6 


Proof. Suppose x is rational. A rational root of a monic polynomial is a divisor 
of its constant term. Furthermore, the alternating coefficients imply a positive root. 
Since 2 is not a solution, another root must be irrational. But irrational roots come in 
conjugate pairs. 0 
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“Cute” isn’t a technical term, its meaning is likely to vary from reader to reader, and, 
in fact, I'm not even sure how widespread its use is. Nevertheless, this strikes me as 
cute. It is short, and it seems to get away with something. The supposition that x is 
rational stops just short of begging the question. Algebra students will recognize this 
as the rational root test, but if you haven't seen it before, it feels a little like cheating. 

The defining feature of a cute proof—the short cut—ought to be elementary with 
respect to the theorem statement. A shortcut relying on some significantly higher- 
power mathematics is the sign of a proof that is merely 47 Clever. 


Theorem. Let x ER. If x? -6x? +11х-6=2х- 2, then x=1 or x=4. 4 7 
Proof. Let x 22cos0 +2. Then the given cubic equation, 
х? -6х2+9х-4=0 Clever 


becomes 
4cos?0—3cos0 — 1-0. 


Note the trigonometric identity: 
4cos? 0 — 3cos0 — cos 30 =0. 


Hence cos30 21, and x =2cos[(arccos 1)/3] +2. o 
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This could also be called “slick.” The shortcut invokes, out of nowhere, a trigonom- 
etry identity. This substitution is due to sixteenth century French mathematician 
Frangois Viéte, who was a very clever fellow indeed.?? The Spanish King Philip II 
accused him of resorting to “black magic,” as he could find no other explanation for 
how, in service to France's Henry IV, he had cracked a Spanish cipher.?? 

Proofs that borrow from a domain of knowledge perceived to be distant from the 
context of the theorem are deemed impure by proof theorists. They can appear sim- 
pler than their purer counterparts, though it's not clear how precisely to evaluate 
observations such as this.?^ 


Require Import Omega Arith. 4 8 
Lemma WplusX_ne_YplusZ : forall ч x y z:nat, 


w>O0O/\x>O0/\y>O0/\Z>0/\W>y/\xX>2Z2->wWtx<>yta. 


Proof. Computer 
intros; intuition. Assisted 
Qed. 


Lemma XmultY gt Z : forall x y z:nat, у >= 1 /\ x >=z/\ y>=Z->x* y >= z. 
Proof. 
intros; destruct H; destruct HO. 
rewrite <- mult 1 r; apply mult le compat. 
exact HO. 
exact H. 
Qed. 
Ltac use XmultY gt Z :- 
apply XmultY gt 2; intuition. 
Theorem The Cubic : forall x:nat, (x= 1 V х= 4 -> x°3+9* x = 6 ж x72 + 4) 
/N (х= 0 \/ х = 2 \(/ х= З \/ х=б \/ x =6\/ х>б6 -> x73 + 9 ж x <> 6 ж x72 +4). 
Proof. 
intros; split. 
intros; destruct H. 
rewrite H; easy. 
rewrite H; easy. 
intros; destruct H. 
rewrite H; easy. 
destruct H. 
rewrite H; easy. 
destruct H. 
rewrite H; easy. 
destruct H. 
rewrite H; easy. 
destruct H. 
rewrite H; easy. 
apply WplusX_ne_YplusZ; intuition. 
do 2 use_XmultY_gt_Z. 
do 2 use_XmultY_gt_Z. 
assert (x73 = x72 ж x) by (simpl; intuition). 
rewrite HO; do 2 rewrite mult_comm. 
assert (6 ж x72 = x72 ж 6) by intuition. 
rewrite H1; apply mult lt compat 1; intuition; use XmultY gt Z. 
Qed. 
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Like any proof, the text here is both a program for verifying the truth of the theo- 
rem (for natural numbers) and a record of the thinking that led to that verification. 
Here the "thinking" is shared between the human prover and the computer prover, in 
this case the proof assistant known as Coq—one among many such software systems 
available today.?? On the human side, the credit for this proof goes to two undergrad- 
uate researchers working on this project, Sarah Dennis and Marshall Pangilinan. The 
assistant works by applying “tactics” to unpack (intros, destruct, split), rewrite 
(rewrite, apply), or otherwise transform the desired conclusion or goal into sim- 
pler subgoals. What is considered simple or frustratingly elementary to a human is 
often complex, and Coq has a range of tactics that one can import so as to automate 
the search for implicit logical connections (easy, intuition, exact). Alternatively, 
provers can define their own tactics with the command Ltac. 

Since Kenneth Appel and Wolfgang Haken's 1976 proof of the four color theo- 
rem, much has been written about mathematicians' distaste for computer-checked 
proofs. The trials, tribulations, and grudging acceptance of Thomas Hales's A proof 
of the Kepler conjecture is a more recent example.? For a refreshing viewpoint on 
this decades-old debate, visit Dr. Z's Opinions where you'll find articles like *Don't 
Ask: What Can The Computer do for ME?, But Rather: What CAN I do for the 
COMPUTER??? 


Dear Dr. Ording, 4 9 


Thank you so much for your thoughtful letter (email dated Jan 18 at 1:26 PM). 
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There is no non-trivial representation for the “x” in your proposition, which can be Outsider 
stated as (x — 1)?(x —4)=0, then x=1 or x=4. This is because the “х” is not a 

variable in your proposition. Its value(s) can only be logical or unreasonable (no 

solution). That your proposition has a reasonable solution is credited to logic, but 

does not reveal the reasonableness of the quantum postulate that created logic in 

the first place. The work I offer is about that reasonableness. The quantum postulate 

created logic to constrain instability but leave at liberty pre-established harmony. 


I am hoping that if you keep rereading what I sent you last 5 May 2017, each 
rereading will bring you closer and closer to understanding my work. Knowledge 
and understanding are not the same thing. In logic they are both subject to 
variableness. BUT knowledge of the quantum IS understanding. There is no 
variableness in the quantum. 


In my work a 1st Generation is a non-trivial representation of its original argument. 
This 1st Generation is created by the quantum postulate the moment the last 
"variable" of an original proposition has been replaced with a logical non-trivial 
representation of that variable. At that instant the original proposition is initialized 
in the 1st Generation in accordance with the logic used to create the 1st Generation. 
The quantum postulate does not change any assumptions, only conjectures, i.e., the 
original conjecture with a non-trivial representation. If a 1st Generation reveals a 
change in the proposition's assumption it is an indication that the original 
proposition is empirically false. A logical analysis of such a 1st Generation will tell 
you exactly what went wrong, and what can be done to re-establish harmony in the 
false proposition. 


I'm not sure that my quantum work could fit into your book, but I wish you the very 
best. And if you think it might fit in, I would be happy to work with you. 


With best regards, 
John P. Colvis 


PS: If you wish to share my work with others, an easy way has recently been 
presented. The Marquis Who's Who publishers have created a website to help me 
bring this work to the world. The website, which they maintain, is: 
http://www.johnpariscolvis.com. 
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Dear Mr. John Colvis, 


Last spring I received your letter on the quantum postulate. Thank you for sending 
it. Though I can’t claim to grasp it fully, I found it very intriguing. 


Recently I was rereading it, and it occurred to me that it might be applicable to a 
project that Гуе been working on—a manuscript on different styles of mathematical 
proof. Each brief chapter of the book will present a different way of deducing the 
roots of one and the same elementary cubic equation. It includes styles inspired by 
history (antiquity, medieval, modern), subject areas (geometry, probability, 
topology), tools (computer, calculator, slide rule), and a broad range of sources. 

I am aiming to reach a math-interested general reader. 


The proposition proved by each chapter is: 
If x^3-6x^24-11x-6 = 2x-2, then x = 1 or = 4. 


There have been many instances of discovery in math and science that were 
achieved by individuals working outside the professional community. A NYTimes 
article once called such discoveries “outsider math” (http://www.nytimes 
.com/2002/12/15/magazine/the-year-in-ideas-outsider-math.html). In my own 
bailiwick of knot theory, Kenneth Perko is probably the best known example. He, 
like you, had formal training but was not an academic at the time he discovered his 
“Perko pair.” 


I'm writing to ask if you would possibly be interested in contributing a proof of the 
above proposition that illustrates your quantum postulate? 


Of course your contribution would be fully acknowledged. Each proof in the 
collection runs about 1-2 pages and is followed by a brief commentary on the 
pattern of the style and its sources. The manuscript is in the final stages of editing. 


If it'd be helpful, I'm happy to send more information about the project and its aims. 
In any case, thanks again for your letter. 


Best regards, 
Philip Ording”® 
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Chromatic 


The two spectra represent the two 
sides of the equation 


х3— 6х? +11х-6=2х-2. 


At height x the hue on the left is 
proportional to /(х)-х7-6х2- 
11x—6 and the hue on the right 
is proportional to g(x)-2x-—2. 
A unit corresponds to a difference 
of 40° in hue. The red band (0°) at 
x=1 and the blue band (240°) at 
x=4 are the two solutions. 
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This diagram is more typical of "false color" graphics appearing in the natural sci- 
ences, where color functions to accentuate and elucidate features of complicated data 
sets (think of a weather map). Some mathematicians also confront complicated data 
sets—especially since the advent of electronic computing—but journal articles are 
less likely to feature color graphics than one might expect. 

The nineteenth century mathematician, engineer, and revolutionary Oliver Byrne 
thought this was an oversight and produced The First Six Books of the Elements of 
Euclid in Which Coloured Diagrams and Symbols Are Used Instead of Letters for the 
Greater Ease of Learners to prove it. His introduction makes a hard sell, claiming 
that students would absorb Euclid from his book in one third the time that it takes 
without color. He even defends against would-be detractors: 


THIS WORK has greater aim than mere illustration; we do not introduce colours 
for the purpose of entertainment, or to amuse by certain combinations of tint and 
form, but to assist the mind in its researches after truth, to increase the facilities of 
instruction, and to diffuse permanent knowledge.?? 


Some people can't help but see mathematics in color. Physicist Richard Feynman 
reported, “When I see equations, I see the letters in colors—I don't know why. As 
I'm talking, I see vague pictures of Bessel functions from Jahnke and Emde's book, 
with light-tan j’s, slightly violet-bluish n’s, and dark brown x's flying around. And I 
wonder what the hell it must look like to the students.” 10° 


Theorem. There exists a complex number z such that 23—62? --11z —6—2z —2. For 
every such number, |z| x 8. 


Proof. Let f be the function f(z) 2 z2-6z?--11z—6— (2z-2)- à - 6z? 4-9z —4. 
Consider the path in the complex plane taken by /(2) as z moves counterclockwise 
around a circle centered at the origin with radius t 70. If f(z2)#0 for all z in the circle, 
then we may define the winding number о = ot) of f to be the number of times this 
path wraps around the origin. That is, œ counts the net angle swept out by the line 
between the origin and f(z), as a multiple of 2z. 





When t=0, the circle reduces to a single point at the origin. Since the image /(0) of 
the origin is the constant —4, this “path” does not wrap around the origin at all, and 
@(0)=0. Now, suppose t>8, then |f(z)— 2|-2|—-6z? - 9z4 4| <6|2|2--9|2| +4, 
which equals 72 (6+ 24 +) <f-8<=|0—z3|. Thus the distance | f(z)—z3| be- 
tween f and the cube 27 is less than the distance from the origin to the cube 23, so 
they have the same winding number. Since the winding number of 27 is 3, we have 
(43-3 for t>8. 

This implies that /(2)3-0 for |z|>8, as any such root would lead to 00(1)::03(121) 
being undefined there. Moreover there must exist at least one root z within the disk 
|z| <8. By definition, @ is an integer-valued function that depends continuously on f, 
as f is a continuous function of z. Since the only continuous integer-valued functions 
are constants, the absence of a root in |2|<8 would imply that œ were constant, 
contradicting the fact that it takes the values 0 and 3. 0 
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The proof is modeled on a topological proof that every nonconstant polynomial has a 
root in the complex plane, the so-called fundamental theorem of algebra.!?! Like 
analysis, topology deals with notions of continuity, but in a more generally con- 
ceived setting than the real or, for that matter, complex numbers. A memorable 
spoof of different mathematical styles of reasoning is supplied by H. Pétard's 1938 
"A Contribution to the Mathematical Theory of Big Game Hunting," in which one 
finds: 


7. A TOPOLOGICAL METHOD. We observe that a lion has at least the connectivity 
of the torus. We transport the desert into four-space. It is then possible to carry 
out such a deformation that the lion can be returned to three-space in a knotted 
condition. He is then helpless.!?? 


PROPOSITION 


If the cube on a straight line and the parallelepipedal 
solid with base nine and height the straight line are 
equal to the parallelepipedal solid with the square 
on the straight line as base and height six and the 
parallelepipedal solid with base four and unit height, 
the straight line has magnitude equal four units. 


Let AC be the straight line, AD the square on AC, AE 
the cube on AC, AT the parallelepipedal solid with 
base nine and height AC, АГ the parallelepipedal 
solid with base AD and height six, and K the paral- 
lelepipedal solid with base four and unit height, such 
that AE and AT equal АГ and K. 


I say that AC has magnitude four. 


Let AC be cut at B such that three times AB coincides 
with DI. Describe the square AZ on AB. Complete the 
rectangles ZD and ZC. Let the solids AE, AT, and АГ 
be cut by a plane carried through B and perpendicular 
to AC. Describe the cube AH on AB, and complete the 
parallelepipedal solids HE, CH, and DH. The solid 
HE coincides with the cube on BC, and the sum of 
CH and DH coincides with the solid contained by AC, 
AB, and BC. 
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If a straight line is cut at random, then the square 
on the whole equals the sum of the squares on the 
segments plus twice the rectangle contained by the 
segments. Hence AD equals the sum of AZ, ZD, and 
twice ZC. Parallelepipedal solids which are of the 
same height are to one another as their bases. Hence 
AI equals the sum of one each of the parallelepipedal 
solids with height six and base AZ and base ZD plus 
twice the parallelepipedal solid with height six and 
base ZC. 


If a parallelepipedal solid is cut by a plane parallel to 
the base, then the height is to the height as the solid is 
to the solid. Therefore AT equals nine times AB and 
nine times BC. 


If a straight line is cut at random, then the cube on the 
whole equals the sum of the cubes on the segments 
plus three times the parallelepipedal solid contained 
by the whole and the segments. Therefore AE equals 
the sum of the cube on AB, the cube on BC, and three 
times the solid contained by AC, AB, and BC. Things 
which coincide with one another are equal, and a 
multiple of a sum of magnitudes is equal to the sum 
of the magnitudes each multiplied by the same mul- 
tiple, thus AE equals the sum of AH, HE, three times 
DH, and three times CH. 


By assumption, AE and AT equal А/ and K. Hence 
the sum of AH, HE, three times DH, three times CH, 
nine times AB, and nine times BC equals the sum of 
one each of the parallelepipedal solids with height 
six and base AZ and base ZD plus twice the paral- 
lelepipedal solid with height six and base ZC and K. 
If equals are subtracted from equals, the remainders 
are equal. Hence HE equals the sum of one-third BT 
and one half K. 


But HE coincides with the cube on BC, and one-third 
AT coincides with the parallelepipedal solid of base 
three and height BC, hence they are, respectively, 
equal. Things which equal the same things also equal 
one another, therefore the cube on BC equals the par- 
allelepipedal solid with base three and height BC and 
half К. 


If the cube on a straight line is equal to the par- 
allelepipedal solid with base three and height the 
straight line and the parallelepipedal solid with base 
two and unit height, then the straight line has magni- 
tude equal two units. Thus, BC has magnitude equal 
two units. Since AB is also two units, AC is thus four 
units. 


Therefore, if the cube on a straight line and the par- 
allelepipedal solid with base nine and height the 
straight line are equal to the parallelepipedal solid 
with the square on the straight line as base and height 
six and the parallelepipedal solid with base four and 
unit height, the straight line is four units. The very 
thing it was required to show. 
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In the Japanese language, numbers cannot be used by themselves to count objects as 
in the English phrases “two sheets of paper” and “two pencils.” One must attach the 
appropriate counter word with the number. For thin flat objects like sheets of paper 
the counter is А (mai), for long thin objects like pencils the counter is Æ (pon). 

In Euclid’s Elements, you can’t compare a square to a cube unless you find 
a representation for each in terms of the same dimension. After dispensing with 
anachronistic negative signs, the cubic equation asserts that the volume x*+9x is 
congruent to the volume 6х? +4. 

Book XI of the Elements concerns solid geometry, and it served as the model for 
this proof.!° A priori, the geometric constraint here does not rule out the case АС = 1, 
but this proof does. 

Apparently most of the theorems in the Elements are not original to Euclid, but the 
logical presentation of the axioms, constructions, propositions, and proofs may be. 
Compared to the Socratic dialogues of just a century prior, the “deductivist style,” as 
Lakatos’s called 14,104 sounds authoritarian and modern. 

Once an architect at an interdisciplinary conference hosted by the University of 
Pennsylvania School of Design confided in me that after studying Euclid for a year 
he almost went off the deep end. I wasn’t sure what he meant at the time, but I have 
a better idea now. 


Enunciation 
лобтаоіс 


Setting out 
ёхӨеоцс 


Specification 
ÓLOQUOUÓG 


Construction 
XATAOKEVÁ 


PROPOSITION 


If the cube on a straight line and the parallelepipedal 
solid with base nine and height the straight line are 
equal to the parallelepipedal solid with the square 
on the straight line as base and height six and the 
parallelepipedal solid with base four and unit height, 
the straight line has magnitude equal four units. 


Let AC be the straight line, AD the square on AC, AE 
the cube on AC, AT the parallelepipedal solid with 
base nine and height AC, АГ the parallelepipedal 
solid with base AD and height six, and K the paral- 
lelepipedal solid with base four and unit height, such 
that AE and AT equal АГ and K. 


I say that AC has magnitude four. 


Let AC be cut at B such that three times AB coincides 
with DI. Describe the square AZ on AB. Complete the 
rectangles ZD and ZC. Let the solids АЕ, AT, and АГ 
be cut by a plane carried through B and perpendicular 
to AC. Describe the cube AH on AB, and complete the 
parallelepipedal solids HE, CH, and DH. The solid 
HE coincides with the cube on BC, and the sum of 
CH and DH coincides with the solid contained by AC, 
AB, and BC. 
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Marginalia 


The proposition is 
stated in geometric 
terms that are 
equivalent to the 
solution x =4 of the 
cubic equation 

x? +9х=6х2 +4. 


AC-x 

AT -9x 

AD =x? 
АІ= 6х? 
АЕ= х3 
К=4 
Thus AB = 2. 
AZ=AB? =4 
ZD =(x—2)? 
ZC =2(x—2) 
АН= АВ? =8 
НЕ-(х-2) 
СН-4(х-2) 
РН-2(х-2) 


CH + DH =2x(x -2) 


Codex Vaticanus 532 
has G in place of C. 
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Marginalia 


Proof 
алдбдг:йс 
П.4 


(a+b) = 
a +b? +2ab 


XI.32 


XL43 


(a+b? = 
а ++ 
3ab(a+b) 


CN.4 
Ул 
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If a straight line is cut at random, then the square 
on the whole equals the sum of the squares on the 
segments plus twice the rectangle contained by the 
segments. Hence AD equals the sum of AZ, ZD, and 
twice ZC. Parallelepipedal solids which are of the 
same height are to one another as their bases. Hence 
AI equals the sum of one each of the parallelepipedal 
solids with height six and base AZ and base ZD plus 
twice the parallelepipedal solid with height six and 
base ZC. 


If a parallelepipedal solid is cut by a plane parallel to 
the base, then the height is to the height as the solid is 
to the solid. Therefore AT equals nine times AB and 
nine times BC. 


If a straight line is cut at random, then the cube on the 
whole equals the sum of the cubes on the segments 
plus three times the parallelepipedal solid contained 
by the whole and the segments. Therefore AE equals 
the sum of the cube on AB, the cube on BC, and three 
times the solid contained by AC, AB, and BC. Things 
which coincide with one another are equal, and a 
multiple of a sum of magnitudes is equal to the sum 
of the magnitudes each multiplied by the same mul- 
tiple, thus AE equals the sum of AH, HE, three times 
DH, and three times CH. 


AD — AZ t ZD +226 


AI=6AZ+ 
6ZD +2-6ZC 


ZC =2(x—2) 


6x? = 24+4+24(x —2)+ 
6(x —2)? 


9х-18--9(х-2) 


AE=AB? +BC? + 
ЗАС-АВ-ВС 


AE=AH+HE+ 
3DH+3CH 
x?284(x-2)4 
6(x —2)? +12(x -2) 


CN.3 


CN.4 


CN.1 


ХІ.50 


If y =3у+2 
then y=2. 


Conclusion 
очилеовоио 


Ву assumption, AE апа AT equal А/ and K. Hence 
the sum of AH, HE, three times DH, three times CH, 
nine times AB, and nine times BC equals the sum of 
one each of the parallelepipedal solids with height 
six and base AZ and base ZD plus twice the paral- 
lelepipedal solid with height six and base ZC and K. 
If equals are subtracted from equals, the remainders 
are equal. Hence HE equals the sum of one-third BT 
and one half K. 


But HE coincides with the cube on BC, and one-third 
BT coincides with the parallelepipedal solid of base 
three and height BC, hence they are, respectively, 
equal. Things which equal the same things also equal 
one another, therefore the cube on BC equals the par- 
allelepipedal solid with base three and height BC and 
half K. 


If the cube on a straight line is equal to the par- 
allelepipedal solid with base three and height the 
straight line and the parallelepipedal solid with base 
two and unit height, then the straight line has magni- 
tude equal two units. Thus, BC has magnitude equal 
two units. Since AB is also two units, AC is thus four 
units. 


Therefore, if the cube on a straight line and the par- 
allelepipedal solid with base nine and height the 
straight line are equal to the parallelepipedal solid 
with the square on the straight line as base and height 
six and the parallelepipedal solid with base four and 
unit height, the straight line is four units. The very 
thing it was required to show. 


AE+AT=AI+ K Marginalia 


AH+HE+3DH+ 
3CH+9AB+9BC= 
6AZ+6ZD+ 
2-6ZC+K 


8+(х—2)3 +6(x -2 + 
12(x —2)+18+9(x—2) 
=24424(x—2)+ 
6(х—2)? +4 


xi 1 


НЕ-ВС3-(х-2) 
1ВТ-3ВС 


BC =3ВС+ 5 К 


Depressed cubic 
(х-2)-3(х-2)--2 


Since K has base four, 
half K coincides with 
the parallelepipedal 
solid with base two 
and unit height 
[X1.32], and by CN.4, 
they are equal. 
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To keep one’s wits, as when reading any mathematical text, it’s useful to maintain a 
written commentary nearby. This style could be called scholia. For an example of an 
annotated version of the Elements, see the digitized manuscript MS D’ Orville 301.195 

The left margin of this proof includes citations to propositions and common no- 
tions of the Elements, whether actual (e.g., П.4) or fictitious (e.g., ХІ.40), as well 
as the stylistic terms designating the formal divisions of a proposition. Heath dis- 
cusses these terms—enunciation, setting out, specification, etc.—in the introduction 
to his translation.!°° Note that the fictitious ХІ.50 is supposed to solve the depressed 
cubic y? 23y 4-2. As an undergraduate researcher working on this project, Xueyi Bu 
pointed out that this could also be treated volumetrically by adding to each side of 
the equation a box of unit height and base y?. This is the route taken in 81 Doggerel. 

In the right margin, I have translated the geometry into algebraic equations without 
which I could not keep track of the proof. Codex Vaticanus 532 is another fiction 
inspired by the comments one finds in translations that synthesize multiple editions 
of a text. 





0-6 6<x 54 
6<х 0-х 0-6 6<x 


6-x«x:x 0«х 0-6 6<х 


С.2бхохкхх | ПР xS = Arborescent 
бх2+2х<х2.х+2х 8.0-0  8-048-х _ 
6х2+2х<х3+2х 05:: 0-0 
бх2--2х--6< х2--2х--6 6<х 0<8-х--2 
6x? +2x+6<x3 +2x+x х"-3х«х7--3х--8х-2 
6x? +2x+6<x3+3x x34+3x<x3+11x+2 
6x? +2x+6<x3+11x+2 


2x+6<x>—6x*+11x+2 
2x <x3—6x*+11x-64+2 
2х-2«х7-6х2-11х-6 
2x -24zx?—6x?- 11x —6 
х? — 6х2 11x 62x —2 


Direct computation for х=0,2, 3, 5, 6 yields the same conclusion. 
Hence x EN, x? - 6x? - 11x —6-2x —2 implies x=1 or x=4. 
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This proof is meant to be read from top to bottom, from “leaf” to “trunk.” Each 
horizontal line represents a deduction with the statement beneath following from the 
premise(s) above. If there are two premises over the same line they are conjoined by 
an invisible “апа.” The empty premise above the inequality 6<х indicates that it is 
the assumption of the proof. The expression x EN in the final line is the hypothesis 
that x is an element of the set of natural numbers. This variation is modeled on the 
Gentzen-style proof calculus of natural deduction, named for the German logician 
Gerhard Gentzen.!” 


Dem > > - ----эт-4-Тх3х61х2х11х6-х2х25:--4-1х3х61 55 
х2х9х40---4-1х3х61х2х5хх4х40--4Хх-1х2х5х-х1х4-х1 
0-х--1х2х5х4-х10-хх-х4- x1-x10V=-x10=-x40V=x1 
=x45=-4+-7Tx3x6Tx2x11x6-—xX2x2VHx1=x4 Prefix 
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The arithmetic operation symbols +, —, X, + usually appear between the numbers on 
which they operate, as in 2+3 or x — 4. One downside of so-called infix notation is 
that a sequence of operations can be ambiguous without specifying some convention 
(that is, an “order of operations") or inserting parentheses. For example (4 — 3) — 1% 
4—(3- 1). 

Polish logician Jan Eukasiewicz avoided parentheses using prefix notation—also 
called Polish notation in his honor—which moves the operator symbol from the 
middle of the two operands to the front of the expression. In this form, the com- 
pound subtractions above appear as — —431 and —4 —3 1, respectively. When we 
write a function such as f(x, y) 2 x — y, we are using a form of prefix notation. 

This convenience was designed to simplify sentential logic, and the prefix nota- 
tions for “а is equal to b,” “ф implies уг,” and “Р is a demonstration (or proof) of О” 
are = ab, > фу, and Dem P О. The proof follows the logic of 4 Elementary. See 
also 56 Postfix. 


х316х21Х-11хх-46-2хх2--:х316х21Х-9хх-4-0--х316х2 56 
ЇХ-5хх-44хх-44-0--х215хх-х1-Х4Х1-Х40--х215хх-4-4 
х1-Х0--хХ4-хХ1-ХХ1-Х0--хХ1-0г:хХ4-0-У-х1г:хХ4-ү-х3 
16х21х-11хх+6-2хх2-=х1=х4=\- Dem Postfix 
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Compared to 55 Prefix, the operator symbols in this exercise appear immediately 
following the objects they act on. Also known as Reverse Polish Notation or RPN, 
it’s the default mode of some electronic calculators. Purists favor RPN calculators for 
their efficiency. Renouncing parentheses is pretty cool, but the strange satisfaction of 
pushing and popping elements to and from the waiting list of inputs (1.6., the stack) 
must also account for their appeal. The downside is pretty obvious—can you find the 
typo? I’ve corrected the ones I last found, but there always seem to be more. 


Solve x? — 6x? + 11x -6 22x —2. 

1. Press Y= to display the function editor. 
2. Press X^ 3- 6X x? + 11X — 6. 

3. Use v to enter the second function. 

4. Press 2 X - 2. 

5. Press GRAPH. 

6. Select intersect from the CALC menu. 


7. Use v or A to move the cursor to the 
first function and press ENTER . 


8. Use v or A to move the cursor to the 
second function and press ENTER . 


9. Press > or 4 © move the cursor to the 
point that is your guess as to location of 
the intersection, and then press ENTER . 


The result cursor is on the solution and 


the coordinate values (4, 6) are displayed. 
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49 TEXAS INSTRUMENTS 
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With the advent of the microchip, handheld electronic calculators became commer- 
cially viable in the 1970s. The new technology was inspired by the power of the 
mainframe computer and the portability of its predecessor, the 75 Slide-Rule. One 
would think that the ubiquity of smart phones would have made the pocket calculator 
as obsolete as the slide rule. 

But that hasn’t happened. Ironically, school teachers and standardized testing com- 
panies that require electronic calculators prefer them because of their limitations. 
Calculators can't make phone calls, browse the web, text-message, or take selfies. 
Texas Instruments, the multibillion-dollar company that also brought us laser-guided 
bombs, has dominated the educational calculator market for graphing calculators. 108 
This is their TI-83, which cost about $100 when it first appeared in 1996. 

That these calculators have improved little over the last two decades while main- 
taining their price point doesn’t mean that they’re not a good source of distraction, 
especially with their programming capabilities. [remember my AP Calculus teacher's 
initial pride turned to exasperation when my classmates figured out how to program 
the Sierpiński triangle—we couldn't take our eyes off it. More ambitious users have 
hacked into the operating system, precipitating the “Texas Instruments signing key 
controversy.” 09 

The image of the calculator is used with permission by Texas Instruments, Inc. 
The idea for this variation came from Robert Dawson of Saint Mary’s University, 
Halifax. 


Theorem. /fx is a real number and x? — 6х? + 10x —6=2x —2, ћепх= 1 огх = 4. 


Proof. Solutions to the equation are roots of the polynomial x? — бх? +9x — 4. But 
note that this is the resolvent cubic of the quartic polynomial 


y! 4+3y бу +7y 43. 


The four roots of a quartic are related to the three roots of its resolvent cubic as 


follows: 
х= уу + узу 


X2 = У! Уз + ууд 
X3 = У! У4 + ууз. 


Since the quartic factors as (у+ 1)2(у2 +y+3), we may, without loss of general- 


ity, set yj =y,.=-1, y; = =—— VI and у= M /— Thus, the roots of the cubic 
polynomial are x, 24, x, = 1, and x4 = 1. 0 
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“The more ambitious plan may have more chances of success.” This is the Inventor’s 
Paradox as Georg Pólya defined it in his “Dictionary of Heuristic.”!!° Here, the degree 
three equation is solved by viewing it from the perspective of a degree four equation. 
Just as a cubic can be solved by reducing it to a “resolvent” quadratic, a quartic poly- 
nomial of the form y* + py? +qy* + ғу + = сап be resolved to a cubic polynomial of 
the form x? + bx? + cx + а, where the coefficients are related as 


b=-q 
c=pr—As 
d =4qs -r° — sp’. 


To be clear, there’s no reason that the degree four equation should be any simpler 
to solve, whether by factoring or another method, than the cubic. But the exercise is 
illustrative of the manipulations that often do crack otherwise intractable problems. 
Cardano’s method, for example, is something of an Inventor’s Paradox because it 
solves the cubic by first doubling its degree; see 25 Open Collaborative. When is it 
likely to work? “Тһе more ambitious plan may have more chances of success provided 
it is not based on mere pretension but on some vision of the things beyond those 
immediately present,” Polya advises. Nevertheless, even mere pretension sometimes 
offers a useful glimpse of things beyond those immediately present. 
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FIELD OF INVENTION. The present invention dis- 
closure relates to a process of root finding within a 
computer system. More particularly, this disclosure re- 
lates to the method and apparatus for using a computer 
system to solve a degree three polynomial equation. 


ABSTRACT. A computer-readable storage medium 
storing instructions that, when executed by a com- 
puter, cause the computer system to solve the cubic 
equation x? — 6х2+11х — 6=2х —2. The method ex- 
ploits a repeated root and applies the Euclidean al- 
gorithm to the associated cubic polynomial and its 
derivative, finding the roots to be x=1 and x=4. The 
method is particularly efficient in finding the cubic 
roots when compared to alternative root finding strate- 
gies employed by existing computer systems. 


CLAIMS. What is claimed is: 

1. A computer-readable storage medium storing in- 
structions that when executed by a computer cause the 
computer to perform a method for using a computer 
system to solve the equation x? — 6х2+11х — 6=2x — 2 


Patent No.: 19,750,709 


by using differentiation, the method, as shown in 
Fig. 1, comprising: 
receiving the cubic equation within the computer 
system; 
symbolically subtracting the right side B of the 
cubic from the left side A of the cubic; 
converting the equation into a cubic polynomial 
P= А – B in standard form; 
differentiating P with respect to x; 
setting Q equal to the derivative P' of P; 
querying the truth value of the equation Q=0; 
2. The computer-readable storage medium referenced 
in claim 1, wherein it further comprises: 
in case О = 0 is false, finding the remainder R upon 
dividing P by Q; 
setting P equal to Q; 
setting Q equal to R; 
repeating the query at the end of claim 1; 
3. The computer-readable storage medium referenced 
in claim 1, wherein it further comprises: 
in case О--0 is true, solving the linear equation 
P=0 for x; 
setting x, equal to this solution; 


solving the linear equation (A — B)/(x — xi)? =0 for x; 


setting x, equal to this solution; 

outputting the solution set [x,,x,]=[1,4]; 
4. The computer-readable storage medium of claim 
1, wherein the method is performed as part of an 
optimization process. 
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Despite the current legal consensus that mathematics can’t be patented, mathematics 
is at the heart of many invention disclosures. U.S. Patent 6,285,999 Method for Node 
Ranking in a Linked Database is an especially influential example that you can easily 
look up on the Internet, thanks to an application of the invention thus patented. In 
addition to the class 708/446 Solving equation to which this patent belongs, the cur- 
rent classification by the US Patent and Trademark Organization contains many other 
mathematical sounding classes, including 707/380 Cryptography, 708/250 Random 
number generation, 708/443 Differentiation, and 708/492 Galois field.'"' 

The boundaries separating a mathematical formula from an algorithm that 
expresses a formula from a digital circuit design to implement an algorithm are not 
sharply drawn. Patentability claims around mathematics return to the Supreme Court 
as technology advances. The court’s opinion in the 1939 case of Mackay Radio & 
Telegraph Co. v. Radio Corp. of America 306 U.S. 86 is typical: “While a scientific 
truth, or the mathematical expression of it, is not patentable invention, a novel and 
useful structure created with the aid of knowledge of scientific truth may be.” 

The form and language of this style is modeled on U.S. Patent 6,823,352 B2 
Walster et al., Solving a Nonlinear Equation Through Intervalic Arithmetic and Term 
Consistency. !!? 


Theorem. /fx is а real number and x? — 6x? + 11x —6=2x — 2, then x 2 1 огх = 4. 


Proof. We obtain the roots of the equivalent cubic equation x? — 6x? + 9x — 4 = 0 by 
construction. 

From a point O, taken arbitrarily, set out a length OA to the right of O and with 
magnitude of 1, the coefficient of x?. Perpendicular to OA, place a line segment AB 
that extends down from A and has length 6, the magnitude of the coefficient of x?. Per- 
pendicular to AB, place a line segment BC that extends to the left of B and has length 
9, the magnitude of the coefficient of x. Complete the path with a final perpendicular 
CD that extends up from C and has length 4, the magnitude of the constant term. 

Thus we have constructed a right-angled polygonal path OABCD of four sides from 
O to D. This done, if we can pass from point O to point D by another right-angled 
polygonal path O A' B' D of only three sides, the intermediate vertices of which A’, 
B' belong respectively to sides AB and BC of the first path, then the number that 
expresses the length АА” is a root of the equation. 


o. A 


4015 
VON 
И ^ А! 





С В" В! В 


To see that х- АА” satisfies the equation, first note that triangles AOAA’ and 
AA' B B' are similar because their corresponding angles are equal. This implies 


that OA: AA' = АВ: BB’, or, in terms of x, : - p from which we obtain 
x 

B B' = x(6 — x) and B'C =9 — x(6 — x). But triangle A B'C D is similar to AA’ B B’, 

and hence also similar to AOAA’. This implies ic —— from which the 
x 


given polynomial is easily recovered. 

One can go from O to D by two right-angled polygonal paths OA'B'D and 
OA" B" D. The two lines AA’, AA" represent the two roots of the equation. These 
lines are respectively equal to OA and quadruple OA; and since they are situated to 
the right of OA, the roots are positive. Hence the roots аге, as claimed, 1 and 4. O 
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A nineteenth century Austrian engineer named Eduard Lill devised this graphical 
technique for solving not only cubic equations, but also polynomials of arbitrary 
degree.'!3 Although Lill does not explain how to find the needed right angled paths, 
once found (e.g., by trial and error), it’s not difficult to see that they provide the 
desired roots. Multiplying the last equation 


1 9-x(6-x) 


х 4 
by 4x to clear the denominators produces the equation 


4 — x(9 — x(6 — x)). 


This is, essentially, the so-called Horner's form of our cubic, named for British 
mathematician William Horner. Horner's method is a quick way to evaluate a poly- 
nomial p(x) at x 2 xo whereby р(Хо) is obtained as the result of an iterative process of 
alternately adding the coefficients of the polynomial and multiplying the result by хо, 
starting from the leading coefficient. Lill's method, then, is a graphical representa- 
tion of Horner's method in which each sum is represented by setting out the base of 
a right triangle and each product is achieved by the formation of a similar triangle. 

I wonder if Queneau felt his bearings as a writer and his grasp on language give 
way as his Exercises in Style accumulated. A couple years into this project I realized 
that I didn't really understand what a polynomial is. Now I’m less sure about addition 
and multiplication. 


Theorem. Given p=(X?—6X* +11X —6) — (2X —2), let I CR[X] denote the prin- 6 1 

cipal ideal generated by p. If X — x +I is a zero divisor т the quotient ring В[Х ]/ I, 

then x=1 or x4. 

Proof. Observe (X — 1)-- D(X — D D(X –4) + D) =0 in R[X]/T, since Modern 
(Х-1ХХ-41ХХ-4)-4Х3-6Х2-9Х:-4-50: 


Moreover, deg(X —1)=deg(X —4)=1 is less than the degree of the cubic р, and it 
follows that (X —1)¢J and (X —4)£ Г. Thus Х-1441 and X —4+T are zero di- 
visors in R[X]/I. These are the only linear zero divisors in RLX]/I as R[X] isa 
unique factorization domain. 0 
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The two courses at the heart of an American undergraduate mathematics curricu- 
lum are sometimes called modern (or abstract) algebra and modern analysis (see 
42 Analytic). Historically, the mathematics they present dates to the nineteenth cen- 
tury, and these courses approach their subject matter from the same high level of 
abstraction that emerged in that era, one which produced nowhere differentiable con- 
tinuous functions, non-Euclidean geometry, symbolic logic, and set theory, among 
other advances. These developments seem to have brought about a consciousness 
of style itself. One of the most influential graduate textbooks of mathematics in the 
twentieth century, Moderne Algebra by B. L. van der Waerden and based on lec- 
tures by Emil Artin and Emmy Noether, is still praised for its expository qualities.!!^ 
"Its simple but austere style set the pattern for mathematical texts in other subjects,” 
Saunders Mac Lane, a leader of twentieth century American mathematics, wrote. 
"[It] presented. . . abstractly but without pedantry...a decisive example of a clear and 
perspicuous presentation." ! ^ 

Some are more critical of the modern style for its excessive formality (see the com- 
ments following 6 Axiomatic and 33 Calculus), while others feel that it isn't formal 
enough (see 18 Indented). 

In this abstract conception of algebra, a polynomial equation (cubic or other) is 
regarded as but a number or a point in the infinite totality of polynomials. That totality, 
denoted IR[ X |, is called the ring of polynomials in the variable X, and it shares many 
of the properties and operations enjoyed by more familiar number systems such as the 
integers. For example, there is a natural way to add and multiply pairs of polynomials. 
A principal ideal J =(p) generated by a fixed polynomial р is the set of polynomials 
obtained by multiplying p by any and all polynomials in RLX]. 

Like the overtones of a plucked string, the principal ideal expresses the relationship 
between p and the ring R[X] containing it. One way to analyze p itself is to declare 
all elements of J to be equal to zero. One thus obtains the quotient, denoted В[Х]/ Г, 
which is also a ring, equipped with addition and multiplication operations and a zero 
element. Unlike the integers or the ring of polynomials, however, the ring RLX]/I 
may include nonzero elements whose product is zero. The modern solution of the 
cubic here relies on the fact that from this abstract point of view, one finds among 
these "zero divisors" the needed factors of p. This idea is the starting point of modern 
algebraic geometry, which remains a very active area of research.!!Ó 
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In his study of Italian architect Giuseppe Terragni, the high modernist American 
architect Peter Eisenman identifies two operative conceptualizations of space: 


The first considers space as subtractive, or cut away from a solid.... The second 
conception of space, which has Renaissance antecedents, considers space as addi- 
tive, made up of a series of implied layers, much like a deck of cards. ... The initial 
marking of a specific form can be considered as either additive, if one is filling up 
the void, or subtractive, if one is cutting away from the solid.!!” 


These diagrams apply the subtractive conception of space to envision our proof as two 
different studies in massing, inspired by Terragni’s 1936 Casa del Fascio in Como. 

The first diagram depicts the volume x? — 6x? + 11x—6—(2x—2) as the product 
(х= 1)x(x 2) x(x —3) less twice the product (x — 1) x 1x1, where the three factors 
in each term measure, respectively, the extension in the North-South direction, East- 
West direction, and elevation. The two black gutters incised in the roof represent the 
subtraction of twice (x — 1) x 1x 1. 

The second diagram depicts the same volume as the product (x — 1)x(x —1)x 
(x —4). To see the equivalence between the two diagrams, imagine removing the 
roof and attaching it to the West facade. 

For another volumetric analysis, see 10 Wordless. 
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Back of the The Italian physicist, Enrico Fermi was particularly adept at making quick and sur- 
Envelope prisingly accurate estimates with no more detail than the blank side of an envelope or 
other scrap of paper could accommodate. So-called Fermi questions require students 
to practice similar estimates based on very few givens.!!? A typical example is “How 
many piano tuners are there in the city of Chicago?" 
The brief solution here proceeds by guessing x=1 and then dividing the cubic 
polynomial by the factor x — 1 using a shorthand version of long division for polyno- 
mials called synthetic division. 
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Theorem (L.). The roots of P=x* —6x?+11x—6—2x+2 over В are x=1,4. 64 


Let S3(k2") be the vector space of binary cubics over k with Char(k) £2, 3. 

Research 
Def. Symplectic structure on 53(К2”): Seminar 
For Р=ах3+36х2у+3сху? +43 and P!=a'x3+3b'x2y+3c'xy2+d'y>, closed 
non-degenerate 2-form 


c P, P^) — ad' — da! – ЗЬс' +ЗсЬ'. 
Lie algebra 81(2,К) acts on k?'. Moment map и : S3(k2") ^ 81(2,k): 


_( аа- Бс | 2(bd—c?) 
MES p 96): (ad e ' 


Normed square of moment map: 


O,(P)=—det u(P). 


Prop. (Slupinski-Stanton, 2012). If P=ax*+3bx*y+3cxy*+dy’ Z0 over К, 
ad — bc £0, and Q,(P) 0. Then 


1 2 а 44 
Р-(- b? — ac)x + (аа — bc ) ———À x + ———— y |. 
( iios » (us (ad — bey? ») 
Proof of Thm. Tschirnhaus trans. x» €+2, Pe P' =& — 322—2, 


Homogenize P" =& —3£2y-2y?. и(Р”)- ЇЕ sg , Q,(P")z0. 


Prop. > P" =(é+ y) (£ —2y) 
=> P'=(E+1)°(€-2) 
=> P=(x—1)?(x—4). 
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University mathematics departments typically hold weekly seminars in several dif- 
ferent research areas such as number theory, analysis, topology and geometry, combi- 
natorics, etc. The speakers, whether local or visiting from another math department, 
present their recent findings. Such a talk may begin with a few pleasantries or back- 
ground remarks before turning sharply toward the extremely specialized formalism 
that is characteristic of modern mathematics. 

Using a chalkboard, digital projector, or, less frequently, an overhead projector, the 
speaker outlines the technical details in a sequence of definitions, theorems, lemmas 
(intermediate theorems), and one or more proofs. The text, being supplemented by the 
speaker’s words, tends to be somewhat abbreviated, as is the style here. Beyond the 
first five to ten minutes, many talks are impenetrable to nonspecialists. Occasionally 
an audience member will, regardless of specialty, doze off. After the talk there is 
applause, one or more questions, then another round of applause. The careers of all 
but the most reclusive of research mathematicians are sustained by attending and 
giving such talks. 

Gautam Chinta of The City College of New York directed my attention to the paper 
entitled The special symplectic structure of binary cubics.'!? The authors, Marcus J. 
Slupinski of Université Louis Pasteur in Strasbourg and Robert J. Stanton of Ohio 
State University, derive the Cardano formula for a real root of an arbitrary cubic, of 
which the “theorem” presented here is a trivial application. Conventions of modesty 
deem that a speaker may take credit for a result by labeling it with the first initial of 
his or her last name. Thus a theorem by, for example, Frangois Le Lionnais would 
appear as shown, or maybe Le L., I’m not sure. 

Talks are sometimes followed or preceded by a more informal discussion over 
lunch, dinner, or 65 Tea. 


ALPHA: That was a very nice talk. 

LAMBDA: Thank you. 

BETA: I enjoyed the talk too even though I confess I know nothing about symplectic 
geometry. I was curious to hear about its application to a cubic like this x cubed 
minus... what was it? 

LAMBDA: You can think of it as just x cubed minus six x squared plus nine x minus 
four. 

ALPHA: The symplectic structure is inherited functorially from the vector space k 
squared, isn’t it? 

LAMBDA: That's right. 

DELTA: Hi Professor Zeta! 

ZETA: Uh-huh. 

GAMMA: I'm very sorry that I wasn't able to attend the talk—I had to go to a de- 
fense in the physics department. Speaking of physics, did you get into classical 
mechanics? 

BETA: Huh? I guess I really wasn't paying attention. 

EPSILON (to DELTA): Here's one for you: What's purple and commutes? 

DELTA (10 EPSILON): Oh, please. 

ALPHA: If you model the motion of an object in terms of its position and momen- 
tum, these variables range smoothly over a manifold endowed with a symplectic 
form—basically a means to integrate area. Only area isn't just area, it's actually a 
conserved quantity that expresses one or another of the physical laws.... 

ZETA: Who ate all the cookies?! 

ALPHA: The secretary is just about to bring them out, Professor. 

ZETA: Oh. Well, I didn't think it was you. Some of these grad students... . 

GAMMA: A Hamiltonian actually came up in the dissertation defense this morning. 

LAMBDA: I didn't get into the physics, but Slupinsky and Stanton's work that I used 
is very much motivated by questions about the symplectic geometry of Heisenberg 
graded Lie algebras. 

GAMMA: Aha, quantum mechanics! 

BETA: So, what I did follow was that you were able to factor the cubic once you knew 
the value of these symplectic objects, the moment map, and its norm square. Why 
is that? 

ALPHA: Isn't the norm square essentially the discriminant? 

LAMBDA: That's right. The norm square is negative the discriminant divided by 
twenty-seven. 

BETA: I see. So, if the norm square of the moment map vanishes, the discriminant 
does too, and you get a repeated root. I learned something. Thank you! 

LAMBDA: You're very welcome. 

ZETA: An abelian grape! 
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Many university mathematics departments hold tea in the afternoon where a num- 
ber of faculty, their post-docs, graduate students, and occasionally undergraduates 
will appear. Sometimes a research seminar will be scheduled near tea time, and the 
common room or lounge where tea is served offers a venue for informal discussion. 
William Thurston contrasts the formal and informal modes of communication: “In 
[research] talks, people are more inhibited and more formal. Mathematical audiences 
are often not very good at asking the questions that are on most people’s minds, and 
speakers often have an unrealistic preset outline that inhibits them from addressing 
questions even when they are asked.” In comparison, Thurston notes that “One- 
on-one, people use wide channels of communication that go far beyond formal 
mathematical language. They use gestures, they draw pictures and diagrams, they 
make sound effects and use body language.”!”° 

In case you want to see how this actually happens, at least one ethnographer found 
answers by taking up residence in the tea гоот.!?! This variation imagines how sucha 
conversation might go following LAMBDA’s 64 Research Seminar talk. The dynam- 
ics of rank, seniority, and other hierarchies are more pronounced in some departments 
than others. I don’t know the origin of the pun EPSILON sets up for ZETA, but puns 
and other lousy math jokes are one way you know that you’re in a mathematics 
department. 
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The expression “proof by handwaving” is usually used in an ironic or derogatory 
sense. Rota describes an instance of hand waving in his recollection of a particu- 
lar professor: “His lectures were loud and entertaining. He wrote very large on the 
blackboard, in a beautiful Italianate handwriting with lots of whirls. Sometimes only 
one huge formula appeared on the blackboard during the entire period; the rest was 
handwaving. His proofs—insofar as one can speak of proofs—were often deficient. 
Nonetheless, they were convincing, and the results became unforgettably clear after 
һе had explained them. The main idea was never wrong.” !?? 

The point of departure for cognitive scientists Rafael Núñez and George Lakoff in 
their somewhat controversial analysis of mathematical ideas is the principle that such 
ideas are based in sensory-motor experience. One example of an embodied cognitive 
mechanism that they present is the Source-Path-Goal schema, and they argue that 
this schema governs mathematical thinking “when we think of two lines ‘meeting at 
a point’... or the graph of a function as ‘reaching a minimum at zero.’ "!?? For Lakoff 
and Núñez, to understand the meaning of mathematics is to deconstruct conceptual 
metaphors like these. 

This variation imagines a gestural expression of the cubic equation as the nine- 
teenth century French scientist Étienne-Jules Marey might have captured it in one of 
his chronophotographs. 


Suppose х2-6х2--11х-6-2х-<2 for an unknown real number x. Notice that the 
left-hand side is the familiar product (x — 1)(x —2)(x — 3), and after subtracting three 
times the right-hand side from the left-hand side we have another simple factorization: 


x!-6x?4-11x -6—-3Qx-2) = x? - 6x? c 5x 2 x(x — D(x 5). 


In the one-parameter family of polynomial equations x? — 6x? -11х-6:10х-02), 
the original equation lies at t=1, between the equations at t=0 and £ —3 that were 
just factored. The ordered set of solutions of the given equation is thus approxi- 
mated by the neighboring solutions, (ag, bo, со) 2 (1, 2,3) and (аз, b4, 04) =(1,0, 5), as 
(a4. b,, c4) 2 (1, 1,4). In fact, these approximations do solve the equation, so x=1 or 
х=4. 
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The argument here is “approximate” in two ways: the method employed is one of 
approximation—the solution is interpolated from the solutions of two related cubic 
equations—and the missing details of the proof make the argument nearly rigorous, 
but not exactly so. Of course, this is not to imply that approximation theory is any 
less rigorous than another area of mathematics. Typically, mathematicians will refer 
to such a proof as an “informal proof” or “proof sketch,” and this collection includes 
further examples of such proofs besides this one. 

Among the questions left open by the proof are: How are the solutions in an ordered 
set of solutions ordered? Given that the parameter 1=1 is closer to 1=0 than it is 
to t=3, wouldn't a better approximation to the solution be nearer to (1,2,3) than 
(1,0, 5)? Is it reasonable to interpolate a solution given the possibility that even a very 
small change in the coefficients of a polynomial could lead to a significant change of 
its roots? 

The problem raised by this last question is expressed by saying that for poly- 
nomials, root approximation from coefficients is an ill-conditioned problem. The 
sensitivity of approximating a double root from its coefficients is expected (see 
84 Tabular), but polynomials with well-separated roots are not immune either. The 
British mathematician James Wilkinson, who discovered the first such example 
(Wilkinson’s polynomial), explained why this was so shocking: 


The history of mathematics has, in a sense, contrived to make mathematicians feel 
“at home" with polynomials. .. polynomials are such agreeable functions. The cozy 
relationship that mathematicians enjoyed with polynomials suffered a severe set- 
back in the early fifties when electronic computers came into general use. Speaking 
for myself I regard it as the most traumatic experience in my career as a numerical 
analyst. ^ 


A small box is to be made by cutting out four equal squares from a sheet of cardboard 
that measures 6 in by 6 in and then folding the resulting flaps. If the box is to have 
a volume of 16 іп?, show that the length of the sides of the cut-away squares must 
be 1 in. 


Solution. Let s be the length measured in inches of the side of the cut-away square, 
as shown in the diagram. Our task is to show that s=1. After cutting away a square 
from each corner, the width of each flap is 6- 25, since the sides of the cardboard 
sheet were originally 6 in before we removed a square from each of the two corners 
joined by a side. The depth of the box equals the depth of the flap, which is s. 


5 


Now we can write down ап equation for the volume of the box in terms of the 
dimensions of the flap: 


V =length x width x depth = (6 —2s)(6—2s)s. 


The problem stipulates that the volume V must equal 16, therefore, our task is to 
solve the equation 


(6-28)(6-28)8- 16. 
This equation is equivalent to the degree three equation 
s? —6s?+9s—4=0, 


which has two distinct roots, s = 1 and s =4. Notice however that a valid solution must 
satisfy the inequality s «3, otherwise the squares would cover the perimeter of the 
sheet and there would be no flaps to fold. Thus 5 = 1 is the only valid solution to the 
problem. 
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Textbook publishers notwithstanding, everyone knows that word problems are con- 
trived. How you feel about the contrivance probably reflects your current teaching 
load as much as your mathematical taste. Some find them to be “а valuable form of 
mathematical modelling.” !?5 Others view them as an abomination: “Тһе real lesson 
being imparted is that mathematics is a stupid, arbitrary subject having no relevance 
to the real world."!?6 For a more dispassionate perspective, see the note after 5 Puzzle. 

What surprises me about word problems is that they have a long and illustrious 
lineage that extends across cultures and through the entire history of mathematics 
(including Cardano; one of the many word problems in Ars Magna was a source for 
the challenge in 43 Screenplay). Maybe textbooks would be less dry if they sampled 
more broadly from this history. Consider this one from the Lilavati by the twelfth 
century Indian mathematician Bhaskara IT: 


Whilst making love a necklace broke. 

A row of pearls mislaid. 

One sixth fell to the floor. 

One fifth upon the bed. 

The young woman saved one third of them. 
One tenth were caught by her lover. 

If six pearls remained upon the string 

How many pearls were there altogether? !?’ 


Suppose Шагх”-6бх2-11х-6:2х-2 has three real solutions x,,x,,x3, with 
mean X and standard deviation s 
X,+x,+x5 (x, =X)? (x, = X) + (x3 — X)? 


x= —— s= 


3 3 (1) 


We can bound the roots by considering how many standard deviations any sample x 
can be from the mean x. After some thought it's clear that a single root will deviate 
the most from the mean when both of the other roots coincide. Suppose x, =x, and 
Хү is the outlier. The equations for the mean and standard deviation (1) imply that 
Ху iy- 521, апа һепсе 


(9*2 ((3з-і)-ғ) (= 
ИС: e ea 


52= 


Thus x, =x 1/25, апа, for апу sample х, 


x- V2s<x<x4 3/25. (2) 


To compute the values of the mean and standard deviation, we apply the Vieta for- 
mulas that express the linear and quadratic coefficients of a polynomial in terms of 
its roots: 
хіх + хх ХІХ; 61, 
X1 T XT X4-—-—45. 

Our cubic takes the standard form x? —6x?--9x —4-0, with а, =9 and а,--6. 
Hence, the mean is х= —a;/3 —2, and, by expanding the expression for s in equation 
(1), we have 


x? x2 x17 2x(x Ex x4) 3x 
s= —————————————— 
3 
Е [оу x3 +X3)% — 2(x 4x3 хх x1x3) -2x(x +x +x) +3 
= ———————————_—дм————————— 


2а —6a, 


-Y—— = v2. 


Finally, by substituting x 22 and s= №2 into the inequality (2), we obtain bounds on 
the supposed three real roots 
0<х<4. 
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By comparison with the previous variations, this proof achieves a very weak result— 
it begins with an unproven assumption that all roots are real (they need not be) and 
it ends with only an estimate of a solution. But I find it a striking example of the 
way tools developed to study the “messy” world outside mathematics can be used to 
examine the idealized objects of “pure” mathematics. 

This proof, like 78 Probabilistic, demonstrates the Laguerre-Samuelson inequal- 
ity |x| Xxx sV n— 1 in the case of a polynomial n=3. The statistical interpretation 
of the inequality is due to economist Paul Samuelson, who answered the titular ques- 
tion "How Deviant Can You Be?" of his 1968 article by showing that the distance 
between the mean and any individual in a population of N can be at most ү N —1 
standard deviations.'?? The argument is patterned on the informal proof that Samuel- 
son presents in the introduction of his paper; in particular, I do not prove the key 
observation (“After some thought...") as Samuelson does in the body of his paper. 
Neither have I attempted to reproduce his style of writing, which strikes me as more 
lively than is typical in statistics, or, for that matter, mathematics on the whole. 


In the name of God, gracious and merciful! I shall demonstrate a geometrical solution 
to the tetranomial equation in which a cube and 9 sides are equal to 6 squares and 
4. The proof of this equation is only possible by reference to the properties of conic 
sections, and it should be understood that this demonstration cannot be comprehended 
except by those who know thoroughly Euclid’s books as well as Apollonius’ work on 
conics. 

Let BC be equal to 6, the given number of squares and BD equal to the side of a 
square equal in area to 9, the number of sides and let BD be perpendicular to BC. 
Construct a solid equal in volume to 4, the given number and having as base the 
square of BD and height equal to the segment BA taken on BC. 

Complete the rectangle ABDZ, and describe on AC as a diameter a circle AKC 
whose position will be known. Pass through the point A a hyperbola with BD and DZ 
as asymptotes. It will be the conic TAH, which is of known position. 











Since the tangent to a hyperbola cuts both of its asymptotes, the tangent to TAH at 
A cannot coincide with AZ or the tangent to AKC at A, which are parallel to asymptote 
BD. Therefore, the hyperbola enters the circle at A and necessarily meets the circle 
in at least one other point. Let K be a second point of intersection. 

Drop from this point two perpendiculars KM and KE on BC and BD. The segment 
BE will be the side of the required cube, as we will now prove. 

Complete the rectangle KD and the right triangle AKC. The rectangle AD will be 
equal to the rectangle KD, as expounded by Apollonius in the twelfth proposition 
of the second book. Subtract from AD and KD the common rectangle MZ and add to 
both the rectangle AK. Then BK will be equal to AL. The sides of these two rectangles, 
and in the same manner the squares of their sides, will be reciprocally proportional. 
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But KE is to EA as EC is to KE since triangle AEK and triangle KEC are similar. 
Consequently, the square of KE is to the square of EA as EC is to EA. Given the 
reciprocal proportion above and that BD equals LE, it follows that the solid whose 
base is the square of BD and whose height is EA is equal to the solid whose base is 
the square of BE and whose height is EC. 

Let the cube of BE and the solid whose base is the square BD and whose height 
is BA be added to both. Then the cube of BE plus the solid whose base is the square 
of BD (equal to 9) and whose height is BE will be equal to the solid whose base is 
the square of BE and whose height is BC (equal to 6) plus the solid whose base is the 
square BD and whose height is BA (equal to 4), which is what was required. 

The same proof shows that for the third point of intersection O between AKC and 
TAH, the segment BN cut by the perpendicular ON is another geometric solution. It 
is now time that we should conclude this demonstration with gratitude to God and 
praising all of His prophets. 


This historical style could have been named “medieval Islamic,” a designation that 
the historian of mathematics Len Berggren applies to mathematical works originating 
in the Islamic civilization that dates from 750 to 1450.129 This culture created algebra 
and made major advances in trigonometry, numerical analysis, and astronomy, among 
other areas. 

The geometric construction here is due to the Persian poet-mathematician, Omar 
Khayyam, who lived during the eleventh and twelfth centuries.!?? See 71 Blog for a 
discussion of this proof in modern algebraic notation. Here are a couple notes on the 
details of the construction: regarding the reference to Apollonius, Heath’s translation 
of the Conics П.12 reads as follows:!3! 


If Q, 4 be any two points on a hyperbola, and parallel straight lines ОН, gh be 
drawn to meet one asymptote at any angle, and ОК, qk (also parallel to one another) 
meet the other asymptote at any angle, then 


HQ: QK=hq- qk. 


The fact that triangle AEK and triangle KEC are similar can be deduced from the fact 
that AKC is a right triangle. 

While his Treatise on Demonstration of Problems of Algebra presents geometric 
solutions for every type of cubic equation, Khayyam was aware of the importance 
of numerical solutions, writing: “If the object of the problem is an absolute number, 
neither we, nor any of the algebraists have succeeded, except in the case of the first 
three degrees, namely number, thing and square, but maybe those after us will.” 132 
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How do you say “algebra” in ancient Greek? 


At the end of my last post about the ingenious 16th century solution 
of the cubic equation 





х3-9х-6х2-4 
I posed the question: why didn’t anyone at that time try solving this equation as 
the intersection of two algebraic curves? My guess was that such an approach 
called for more sophisticated algebraic notation, if not Cartesian coordinates, 
none of which were available at the time. Recently a reader posted the answer, 
and it wasn’t what I was expecting. Why isn’t there a Renaissance solution of 
the cubic by intersecting curves? Because that approach was mastered four 
centuries earlier! 





It was Omar Khayyam, the poet and mathematician who lived from 1048 to 
1131 in Nishapur (present day Iran), who constructed the solutions of every 
species of cubic equation using pairs of conics sections. 


Wanting to find out more about this method, I got out Dieudonné's History of 
Algebraic Geometry that my advisor gifted me after passing my orals. “That’s 
funny,” I think. Nothing on Khayyam or his work in this entire book. For a 
moment I feel relieved of my embarrassment for overlooking Khayyam, like 
"well, at least I'm in good company.” 


But reading more closely, I start to feel less good about that company. Ina 
section entitled “The First Epoch: Prehistory (ca. 400 В.С.-1630 A.D.)" I find the 
curious statement: “Apollonius’ theorems translate immediately in our notation 
into the equation of the evolute that only the underdeveloped state of Greek 
algebra prevents him from writing.” 


Which brings me to the title of this post: What’s the ancient Greek word for 
“algebra”? 


ПІ give you a hint. .. they didn’t have one! "Algebra" as I'm sure most of you 
know, comes from the Arabic word “al-jabr,” which is part of the title of the first 
book on the subject by the 9th century mathematician al-Khwarizmi. 


Even if we allow that Dieudonné was preoccupied with the modern notion of 
algebraic geometry, it doesn’t excuse the book for lending support to the myth 
that math, including algebra no less, is a product of the Western world. By 
jumping from Apollonius to Descartes without citing the contribution of a single 
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Arab, the book tacitly affirms the Orientalist view that "... Arabic science only 
reproduced the teachings received from Greek science." 


People, we call it a/gebra for a reason! 


Now. Ahem. Without further ado, let me show how Khayyam would have solved 
this cubic, according to his book of Algebra. The key idea is to intersect 
hyperbola ТАН with circle AKC, as shown below. The solutions 1, 4 correspond 
to the lengths of the line segments BE and BN. 














Here's the set up: The coefficients of the cubic are encoded as 6- BC for the 
quadratic term, 9- (BD)? for the linear term, and 4- (BD)? -BA for the constant. 
And the conics are constructed so that both pass through A, the circle's diameter 
is AC, and the hyperbola's asymptotes are BD and DZ. Dropping perpendiculars 
from each of the other intersection points K and O to AC produces the solutions. 
How on Earth, you ask? Let's show that 


(ВЕУ--9ВЕ-6(ВЕ)-4. 


Not surprisingly, we'll put to use some properties of those conics. The hyperbola 
gives us the relation KE-BE=LE-EA, which implies (KE)*/(EA)* =(LE)*/(BE)’, 
and the circle gives us KE/EA=EC/KE, which implies (КЕ)? /(ЕА)? -EC/EA. Given 
that LE- BD, the above combines to produce 


(вр)? -EA- (ВЕ)? -EC. 
Now add (BE)? + (BD)? -BA to both sides and factor: 


(BEY 4 (BDY BA (BD)? EA- (ВЕ)? + (BD)? .ВА+ (BE)? -EC 


(BEY +(BD)* -(BA+EA)=(BE+EC) -(BE)*+(BD)*-BA 
(BEY +(BD)* -BE-BC- (BE)? +(BD)* -BA. 
But this is exactly our cubic equation in terms of BE once you restore the 
original coefficients. The same reasoning shows that BN is a root, too. 


How could such beautiful work ever be neglected? 


Just because some mathematicians like to think of themselves as being above 
the fray doesn't mean that our history isn't "written by the victors." 
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Blogs (or weblogs) are a fantastic way to put off writing, grading, or sleep. Unlike 
the hours eaten up by other forms of procrastination, the time spent on blogs might 
even leave you feeling smarter—especially if the blogger is an expert in their field. 

In all seriousness, the case could be made that blogs represent a new genre of 
mathematical literature. Informal expository writing has long been available offline 
in one of a very small number of monthly or quarterly math magazines, but those 
outlets rarely feel as current, opinionated, or free-form as blogs do. And, as in every 
sector of media, nothing in print approaches the level of engagement made possible 
by an active comments section. Blogs might even deserve credit for a new approach 
to mathematics research—see 25 Open Collaborative. 

What blogs also offer the math community is a much needed means of self reflec- 
tion and critique. Witness the American Mathematical Society’s inclusion/exclusion 
blog, Izabella Laba’s The Accidental Mathematician, or Dr. Z’s Opinions by Doron 
Zeilberger. Reflection and critique are what readers expect from blogs, but the math- 
ematics community, with its apprentice-like professional training and deep faith in 
meritocracy, has been at times slow to surface criticism. 

For the same geometric construction in this blog post but in the medieval Islamic 
style, see 70 Another Medieval. I learned about Dieudonné’s omission!*? from sci- 
ence historian Roshdi Rashed’s “The Notion of Western Science: ‘Science as a 
Western Phenomenon.’ ”!*4 The quote beginning 4... Arabic science,” due to nine- 
teenth century French physicist and science historian Pierre Duhem, is also quoted 
by Кавһеа.,135 


Théorème. Les racines réelles de Р(ху-(х3-6х2--11х-6)-(2х-<2) sont 1 et 4. 7 2 


Démonstration. On vérifie immédiatement que P(1)= P(4) 20. Comme le polynôme 
Pe€R[x]CcC[x] est de degré 3, d’après le théorème de d'Alembert on sait qu'il admet 


au maximum 3 racines réelles. Nous raisonnons par l'absurde en supposant que a € К Translated 


soit une troisiéme racine distincte. Alors, 
P(x) =(x—1)(x—4)(x— a) 2x? - (5 - ax? +(445a)x — 4a. 


On déduit de la seconde égalité que а- 1, ce qui nous donne une contradiction. Donc, 
les racines de P sont 1 et 4. CQFD 
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Despite the conception of mathematics as a “universal language," mathematicians 
report their discoveries using natural language, and that language is overwhelmingly 
English. While publishers will state pragmatically that writing in English ensures the 
broadest readership, it may not be the language of choice. Only a few of the inter- 
national journals topping the citation rankings state in their instructions to authors 
that they accept papers written in a language other than English, the alternatives 
usually being French and German. With perhaps one exception (the Publications 
Mathématiques of the Institut des Hautes Etudes Scientifiques), non-English papers 
rarely appear in these journals. This was not always the case. A graduate student 
in mathematics anywhere will encounter references to non-English articles, and 
many PhD programs in America require reading knowledge of a foreign language. 
(Although this may change; while I was a graduate student, the foreign language 
requirement in my program went from reading knowledge of two languages, among 
French, German, and Russian, to just one.) 

This variation and 73 Another Translated were rendered according to a rather 
naive constraint: first, the method of proof must rely on a theorem attributed to a 
mathematician identified with the culture in which the language dominates, and, sec- 
ond, the translation should avoid what the French call les barbarismes (i.e., words 
of foreign origin). The latter rule follows the wonderful style guide for mathemat- 
ical writers Conseils aux auteurs de textes mathématiques by mathematician (and 
Oulipian) Michèle Audin. '3% If English continues to dominate mathematics publish- 
ing, mathematicians ought to incorporate more foreign words into their writing. At 
a minimum, let's update those stuffy Latinisms. Raisonnement par l'absurde sounds 
so much better than reductio ad absurdum, doesn't it? 

Here is a literal translation of the French: 


Theorem. The real roots of Р(х) 2 (x? — 6x? + 11x — 6) - (2x —2) are 1 and 4. 


Proof. One immediately checks that P(1)=P(4)=0. Since the polynomial P € 
R[x] C C[x] is of degree 3, after d'Alembert's theorem one knows that it admits at 
most 3 real roots. We proceed by reductio ad absurdum and suppose that ас КК is a 
distinct third root. Then, 


Р(х) = (х- 1)(х- 4)(х-а)= х? – (5 +а)х2 +(445a)x — 4a. 


One deduces from the second equality that а= 1, which gives us a contradiction. 
So, the roots of Р are 1 and 4. QED 


Satz. Sei x ein ganze Zahl. Wenn x? – 6x? +11х-6=2х-2 ist, dann ist х= 1 oder 
х=4. 


Beweis. Sei р das Polynom dritten Grades mit р(х) = (х? — 6x? - 11x —6) - (2x -2) € 
Z[x]. Wir wenden die Kroneckersche Methode an, um ein Polynom aus G[x] in 
Primfaktoren zu zerlegen, wo © ein Gauf’scher Ring ist. Soll nun p(x) durch die 
Linearform q(x) 2 x — a teilbar sein, so muss p(xo) durch q(x) und p(x,) durch (хү) 
teilbar sein. Jedes p(x;) in Z besitzt aber nur endlichviele Teiler. Setzen wir xo —2, so 
ist 4(х0) 22 —a ein Faktor von p(2) = —2. Da +1 und +2 die einzigen Faktoren von 
—2 sind folgt, dass a ein Element der Menge 3X = (0, 1,3,4}. Allerdings wenn x, =3 
ist, dann ist 3— a eines der Faktoren +1, +2, oder +4 von p(3)=—4, m.a.W. es a in 
33, 2 (—1,1,2,4,6, 7). Da eine Wurzel a von p(x) beide Bedingungen erfüllen muß, 
schließen wir, wie erforderlich, dass aE NM, = {1,4}. 
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Here is a literal translation of the German: 
Theorem. Let x be an integer. ІҒх3-6х2--11х-6-2х-2, then x=1 or x=4. 


Proof. Let p(x) be the polynomial of third degree (x? —6x?-11x —6) - (2x -2) € 
Z[x]. We apply Kronecker's method for decomposing a polynomial in S[x] into 
prime factors, where , is a unique factorization domain. If p(x) is divisible by the 
linear polynomial 4(х) = x — a, then р(хо) must also be divisible by 4(хо) and p(x,) 
by q(x,). But every р(х,) in Z has finitely many factors. If xy —2, then q(x9) 22— a is 
a factor of p(2) = —2. Since +1 and +2 are the only factors of —2, it follows that a is 
an element of the set M, = (0,1,3,4). However, if x, 23, then 3— a is one of the fac- 
tors +1, +2, or +4 of p(3) = —4; in other words, a is in M, = {-—1,1,2,4,6,7}. Since 
a root a of p(x) must satisfy both conditions, we conclude ae Moy M,—(1.4], ав 
required. 


The proof is based closely on $25 Die Durchführung der Faktorzerlegung in 
endlichvieln Schritten of van der Waerden's Moderne Algebra, already cited in 
61 Modern. 13” 

In the sciences as a whole, linguists have noted the increasing dominance of 
"English as the international language of science." This trend is very likely reinforced 
by publication and citation practices. In an article entitled “The role of English in 
scientific communication: lingua franca or Tyrannosaurus rex?" Christine Tardy sur- 
veys this aspect of scientific culture from the perspectives of linguists and scientists. 
Citing one report, Tardy, who is professor of English at the University of Arizona, 
writes: “а coordinator of a leading Brazilian science journal project. .. stated that ‘to 
publish in Portuguese would be a kind of provincialism.' ”138 It is not difficult to 
imagine both positive and negative impacts of English as the international language 
of mathematics on the discipline and its instruction. 

In the note to 72 Translated, I called the constraint that forms these styles "naive," 
and the reason is that it willfully ignores the question of national styles. That is 
a question worthy of engaging, to expose cultural and political influences in the 
development of mathematics. (An extreme and racialized example is the Nazi propa- 
ganda journal of mathematics Deutsche Mathematik [1936-1942], whose co-founder, 
Ludwig Bieberbach, wrote, “In my considerations I have tried to show that in math- 
ematical activity there are issues of style and that therefore blood and race are 
influential in the way of mathematical creation." 139) 
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There are surprisingly few standardized mathematical signs in American Sign Lan- 
guage. A 2005 survey of professors, teachers, interpreters, and students at the 
National Technical Institute for the Deaf found agreement on just eight of twenty-five 
basic mathematical signs (e.g., consensus on ADD but not EXPONENT).!*° Richard 
Ladner, a computer scientist and math PhD working on technological tools for the 
deaf community, explains this as follows: “American Sign Language (ASL) is very 
young relative to other languages, originating in the early 1800s, and only recently 
recognized as a language with the pioneering work of [William] Stokoe in 1960.... 
With small numbers of deaf students in advanced science being geographically dis- 
persed, the growth of ASL has been severely inhibited in Science, Technology, 
Engineering, and Math (STEM) fields.”'*! Without a standard sign, instructors will 
either finger-spell a word, use an existing sign (e.g., FUNCTION), or invent one 
on the spot.'^? Each option has its drawbacks. “In my opinion,” writes James Nick- 
erson, Professor and Mathematics Program Director in the Department of Science, 
Technology, and Mathematics at Gallaudet University, “too many mathematical signs 
are taken directly from the standard sign dictionary without regard for the relevant 
mathematical concept.” 43 

This exercise was the product of many hands, not just the pair shown. Christopher 
Hayes, a mathematics PhD student at the University of Connecticut, translated the 
proof from English into ASL, and Peggy Swartzel Lott of the Department of Linguis- 
tics at the University of California San Diego, along with Daniel W. Renner and Rob 
Hills, illustrated the signs as modeled by Erin Oleson Dickson. The proof exhibits 
some of the distinctive features of sign language, including its spatial organization 
and use of referents. 


Problem: Solve х3-6х2--11х-6-2х-2. 7 5 
The cubic polynomial equation in standard form is x? — 6x? +9x —4=0. 
Substitute y 4-2 for x to obtain the reduced cubic equation y? -3y — 2 —0. Slide Rule 


Move the slide until the difference between the marking on the A scale under the C 
index and the marking on the C scale above 2 on the D scale equals 3. The reading 
on the D scale under the C index is the first root y, 22, and the reading on C above 2 
on D is the product of the remaining roots y;y4— 1. 
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To find y; and ух, move the slide until the sum of the marking on the D scale under 
the C index and the marking on the С scale above 1 on the D scale equals | — y,| 
or 2. The reading on the D scale under the C index is —y; = 1, and the reading on С 
above 1 on D is —y4— 1. 
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Thus the roots of the reduced cubic are y; =2, y; ——1, y3=—1. Adding 2 to each of 
these roots yields the roots of the given equation. 


Solution: x,=4, хә-і1, x3=1. 
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The principle underlying a slide rule’s function is actually simpler than this exercise 
makes it sound. A movable ruler set against a fixed ruler allows one to add lengths 
by placing them end to end. Two such rulers marked with logarithmic scales allow 
one to multiply and divide, since the sum of the log of two numbers is the log of 
their product. Both the C scale on the slide and the D scale on the fixed rule are 
logarithmic scales that range over a power of ten, beginning from the index, which is 
the 1 marked on the left end of the rule. Setting the index of the C scale over d on the 
D scale, the slide rule shows the product cd on the D scale under c on the C scale. 

The product of the roots of a cubic y, y; уз equals the constant coefficient. This fact 
is one of the three Vieta formulas for the cubic; the other two appear in 69 Statistical. 
Our approach to the solution with the slide rule will be to find +y, by reading D 
under the index of C and find +y,y3 by reading С over |-2| on D. 

But first we need to fix the position of the slide, which we do using a second 
condition on the pair of numbers y, and у,у;. Substituting the product of roots for 
the constant gives y? -3y — y4y5y4 —0; that is, y? — y, y; y; =Зу. Since the roots are 
nonzero, we can divide this equation by у= y, to get y, — ууз =3. This is our second 
constraint. 

Now the A scale on a slide rule is a two-decade logarithmic scale that shows the 
square of the marking on D. Thus, when the slide is positioned so that the difference 
between the marking on A over the index of C and the marking on C above |— 2| 
on the D scale equals 3, then this second condition is satisfied. We read +y, on the 
D scale beneath the C index. Examining the sign of the coefficients of the reduced 
cubic, it turns out that this reading is in fact equal to +y,. 

A similar approach yields the remaining roots y, and уз. The first condition is the 
one just found, namely the reading equal to +y,y3, and the second is that the sum 
y, +y, must equal —y,, since the roots of a reduced cubic sum to его. 14 

The slide rule pictured is the Pickett Model 115 Basic Math slide rule, and it was 
supplied by Ebay vendor librariesrcool. A smaller, metal rule, the Pickett Model 
N600-ES, accompanied NASA crew aboard the Apollo 13 mission. Thanks go 
to Robert Dawson for suggesting this variation. 


To solve the equation x? — 6x? + 11x —6=2x —2, we employ Newton's method to find 
the roots of the polynomial 


p(x) =x? -6x? + 9x —4. 
That is, we begin with an initial root estimate rg, and we obtain each subsequent 
estimate r;,, using linear approximation: 
prj) 
NELLE | 
I+ 1 p'(r;) 
This root-finding scheme was implemented using a computer algebra system with 


initial points ғ=0, 10. The resulting data suggest that at least two of the roots аге 
very near if not equal to 1 and 4. (See the following table.) 





0.44444444 | —1.09739369 | 7.42857143 | 141.69096210 
0.70209340 | —0.29268375 | 5.76958525 | 40.25619493 
0.84460980 | -0.07619041 | 4.75376676 | 10.62115027 
0.92043779 | -0.01949408 | 4.21597868 2.23376352 
0.95971156 | -0.00493487 | 4.02557435 0.23411012 
0.97972319 | -0.00124178 | 4.00042516 0.00382751 
0.98982768 | -0.00031148 | 4.00000012 0.00000109 
0.99490526 | —0.00007800 | 4.00000000 | ~107!3 
0.99745047 | —0.00001952 | 4.00000000 | —107?7 
0.99872470 | —0.00000488 | 4.00000000 | -10-56 
0.99936221 | —0.00000122 | 4.00000000 | ~107!! 
0.99968107 | —0.00000031 | 4.00000000 | ~ 10-76 
0.99984053 | —0.00000008 | 4.00000000 | ~10-*? 
0.99992026 | —0.00000002 | 4.00000000 | --10-%7 
0.99996013 | —107? 4.00000000 | ~ 10-155 





We applied Newton’s method to one thousand additional choices of initial point ro, 
sampled at random in the range —10? <r) < 10?. The results in each case displayed 
the behavior of one or the other of the two patterns shown in the table. 
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“Mathematics is not a deductive science—that’s a cliché,” insists Paul Halmos. 
“When you try to prove a theorem, you don’t just list the hypotheses, and then start to 
reason. What you do is trial and error, experimentation, guesswork. You want to find 
out what the facts are, and what you do is in that respect similar to what a laboratory 
technician does."!46 

Newton's original use of the eponymous method was not formulated explicitly 
in terms of the derivative but in terms of secants (the form here is due to Joseph 
Raphson), and in this way it can be thought of as a generalization of the method of 
double false position used in 34 Medieval.!^" As it happens, Newton developed the 
method of approximation in order to solve y? – 2у— 5 —0, a cubic equation. !4% 

Experimentation in mathematics is not impossible without a computer, and plenty 
of mathematicians do their guesswork the same way Newton did, with pencil and 
paper. But the impact of computers, especially in certain areas of research, cannot be 
overstated. The following 77 Monte Carlo method is a good example. 


To verify that the roots of х?— 6х? +11х-6=2х-2 are x=1 or x=4, we will 
express the roots in terms of the fundamental theorem of calculus and approxi- 
mate the resulting integral equation. Subtracting 2x—6 from both sides, we have 
x? — 6x? +9x=4. If we define f(x) = x? —6x* + 9x, then a root x = а is a real number 
such that f(a)=4. According to the first fundamental theorem of calculus 


ғо | f'Godx 
0 


where the right-hand side is the integral of the derivative /(х)-3х2-12х--9. We 
can approximate the integral /(а) by randomly distributing n points across the rect- 
angle that contains the graph of f'(x) on 0€ x X4 and multiplying the area of the 
rectangle by the fraction of points that fall within the desired area. As the integral 
represents a signed area, points falling above the derivative f’ and below the x-axis 
are subtracted from the number of points falling above the x-axis and below /”. 

The figure shows the random distribution of n= 1 000,4000, or 16000 points over 
the rectangle [0,4] x [—3,9] and the resulting estimates for f(1) and f(4). By the 
central limit theorem, the error of each succeeding estimate is half the error of the 
estimate that precedes it. These area estimates converge to within 0.4% of 4. Direct 
inspection of the parabola y=3x* — 12x +9 strongly suggests that 1 and 4 are the only 
roots; in particular, f'(a) » 4 when a4, and f(a) «0 when a «O0. 


n=1000 n=4000 n= 16000 












































1()=3.2924 f(4):3.6480 1) =4.0325 /(4)г:3.9720 1) =3.9911 f(4)24.0170 
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A widespread approach to statistical simulation, the Monte Carlo method aims to 
circumvent an intractable computation by producing a large set of random sample 
computations which, according to probabilistic arguments, tend to closely approx- 
imate the desired solution. A typical application of this method is to compute a 
high-dimensional volume or integrate a nonlinear differential equation. The Polish- 
American mathematician and nuclear physicist Stanislaw Ulam is supposed to have 
hit on the idea during a game of solitaire.!^ His coauthor, Nick Metropolis, who 
besides having the perfect film-noir name was also a founding member of the Los 
Alamos National Laboratory, is said to have named the method for the world-famous 
casino. In their 1949 paper “The Monte Carlo method,” they describe it as follows: 


The essential feature of the process is that we avoid dealing with multiple inte- 
grations or multiplications of the probability matrices, but instead sample single 
chains of events. We obtain a sample of the set of all such possible chains, and on 
it we can make a statistical study of both the genealogical properties and various 
distributions at a given time.... We want now to point out that modern computing 
machines are extremely well suited to perform the procedures described. !50 


This last point is critical. The Monte Carlo method is an early example of the impact 
of computing technology on mathematical styles of reasoning. For other examples, 
see 48 Computer Assisted and 97 Psychedelic. 


Suppose that x? —6x?+11x—6=2x—2 has three real solutions Хү, Хо, хз, with mean 
x and standard deviation s. The likelihood of choosing the maximum x,,,, among 
them is at least 1/3, with it exceeding 1/3 if Xmax is a multiple root. Similarly, the 
chance that the real number (х, – х) /5 will be the maximum among the set of real 
numbers {(x;—X)/s : i—1,2,3] is at least 1/3. If X is the discrete uniform random 
variable X — (x, — x)/s, then we may denote this probability by the inequality 





1 Xmax -X 
= < Prob (х- | (1) 
3 5 


Note that the expected value E(X) of X is 0 and its variation s?(X) is 1. Knowing 
this, Cantelli's inequality implies that for апу real number /> 0, 


1 
1412 


If we make / =(x,,,, — x)/s, the above inequality becomes 


Prob(X =)N< 





Хаах 1 
Prob (x >---- (2) 


= 
5 Ы Хах-Х 2 
Le (in) 


Since, by definition, no root x; is greater than x the inequalities (1) and (2) 


тах? 
combine as 
1 


= 
" Хех 2 
(а) 








5 <Prob (x= m) < Prob (x> Xmax Х 
5 5 


—x)/s)* <2. Given that 
Xmax — X 20, it follows that x, «x45 y. A similar argument produces the lower 


bound x -—s\V/2<x 


The ordering of the first and last terms implies that ((x 


max 


min: Combining the inequalities, we have 

Х-5 2<х<х+5\/2. (3) 
The Ме formulas provide the mean and standard deviation in terms of the co- 
efficients а), a, of the linear and quadratic terms as follows: x=—a,/3=2 and 
5=\ | (2a; —6a,)/9= 47. Substituting the values of Х and s into the inequality (3), 
we obtain the following bounds on the supposed three real roots: 


0<х<4. 
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This variation essentially proves the Laguerre-Samuelson inequality 


|x|<x+sVYn-1 


for cubic (n=3) polynomials with all real roots. In this way, it is very similar to 
69 Statistical, and that variation explains in detail how Vieta’s formulas produce the 
mean and standard deviation in the last paragraph of this variation. The probabilistic 
argument here is due to William P. Smith?! 

Cantelli's inequality is 


^ 
= 
У 
> 








2 . 
РгоБ(Х-х21) 5 SH o : 
> 1- 1 if 1«0. 
I wasn't able to uncover anything about William P. Smith, but Francesco Paolo 
Cantelli was a twentieth century Italian mathematician and actuary who also stud- 
ied astronomy at the Observatory in Palermo. Early in his career, he dated a celestial 
configuration that appeared in the night sky over Italy 600 years prior and is described 
in Dante's Divine Сотеау.152 


Theorem. [fn is а natural number and n> —6n? +11n—6=2n—2, thenn=1 orn=4. 


Proof. We seek a constructive way of finding for each natural number n=k either a 
proof that АЗ —6k* +11k—6=2k—2 implies k=1 or a proof that it implies k=4. 
Effecting the mental constructions indicated by k? — 6k? + 11k — 6k and 2k — 2 for 
k=1,2,3,4, and 5, the creating subject finds that they lead to the same result when 
k=1 and 4 and lead to different results when k 22,3, and 5. 
For any К, 


k? - 6k? - Mk —622k —2-- (K? — 6k? -9k —4) 
=2k -2+ [K(k — 6) - 8k -- (k — 4)]. 
If k 26, then each term within the square brackets—and hence their sum—is strictly 
positive. Thus the quantity k? — 6k? + 11k is strictly greater than 2k —2. In this way, 


we have a constructive method to refute the hypothesis k? – 6k? - 11k —6—2k —2, 
and therefore the implication is vacuously true for each k > 6. 
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The mathematical philosophy known as intuitionism arose as one of the alternatives 
to Platonism, the belief that mathematical objects exist in some form of reality, dur- 
ing the foundational crisis in mathematics at the beginning of the twentieth century. 
Its founder, Dutch mathematician L. E. J. Brouwer, conceived of mathematics as the 
mental constructions of a creating subject dependent on time.!?? Thus, for example, 
his student Arend Heyting explains, “A mathematical theorem expresses a purely 
empirical fact, namely the success of a certain construction. ‘2+2=3+41’ must be 
read as an abbreviation for the statement: ‘I have effected the mental constructions in- 
dicated by ‘2 +2’ and by ‘3+ 1’ and I have found that they lead to the same result." ^ 
That this proof is restricted to the natural numbers is a reflection of my limited knowl- 
edge of intuitionism, not its proper scope. A full-blooded intuitionist solution of this 
cubic over the continuum ought to exhibit the “choice sequences” that characterize 
the intuitionistic real numbers. ^? 


aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaabbbbbbbcccecccec 
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This proof contains all the letters used by another exercise in this book (which one?) 
arranged in alphabetical order. 

Galileo used anagrams as a way to ensure priority of a discovery at the outset, 
thus affording him time to verify his results before claiming them more publicly. For 
example, observing Saturn in 1610, he sent Kepler the jumble of letters 


smaismrmilmepoetaleumibunenugttauiras 


that could be rearranged into the Latin for “I observed the highest planet to be 
triple-bodied.”!>° With more powerful telescopes, the extra bodies about Saturn were 
revealed to be its rings. The Dutch astronomer and mathematician Christiaan Huy- 
gens made this discovery in 1656 and published it in the form of an anagram also, 
this time arranging the letters in alphabetic order: 


...й.... 157 


A famously secretive mathematician, Isaac Newton encoded his discovery of the 
calculus when describing one of its applications in a 1676 letter to the German the- 
ologian and natural philosopher Henry Oldenburg.!?^? In his shorthand, coefficients 
count the more frequently appearing letters, 


At present I have thought fit to register [my methods] by transposed letters, lest 
through others obtaining the same result, I should be compelled to change the plan 
in some respects. 


Saccde 10effh 11 iM3m9n60qqr8s1119y3x: 
Llab3cdd\Neeg 10i1l4m7n603p3qg6r5s 1118 vx, 
3ace4egh5iAlAm5n8oqAr3s6tAv, aaddececceiijmmnnooprrrsssssttuu. 


This little history of competition and paranoia left me wondering if these weren’t 
unavoidable features of modern mathematical practice. While this could be true, 
they may just signal periods of mathematical growth, modern or not. Apparently 
Archimedes planted false theorems in his mathematical letters so as to defend himself 
against lesser-minded plagiarists.'^? 


Suppose х cub’d less four were equal to 
Six times x squar’d less nine times x. Before 
Deducing more, let’s state up front the two 
Solutions: x is one, or x is four. 
Potentially, how might this manifest? 
What’s given can be made quadratic free, 
(i.e., by change of character), depress’d: 

y cub'd amounts to two and y times three. 
Again, a clever transformation: add 

To that the square of y on left and right. 
Let not the complication make us sad; 

A simple factoring puts all in sight. 

Thus y is two or minus one, and more, 
Back substituting, x is one or four. 
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There is a long history of writing mathematics in verse, as both an aid to memory and 
an encomium to the mathematics it expresses. Much of medieval Indian mathematics, 
including the Lilavati by Bhaskara II, was composed in Sanskrit verse.!9? See the note 
after 68 Word Problem for an excerpt of one translator’s attempt to capture the rhythm 
of this text. 

Tartaglia committed his solution of the cubic equation x? +сх = d to memory with 
a twenty-five line verse. Following the terza rima form that Dante Alighieri created 
for his Divina Commedia, Tartaglia's poem begins 


Quando che'l cubo con le cose appresso 
Se agguaglia à qualche numero discreto 


Trouan dui altri differenti in esso.!6! 


For a translation of Tartaglia's poem that preserves the interlocking three-line rhyme 
scheme, see “Quando Che'l Cubo" by Kellie Gutman of West Roxbury, Маѕѕ. 162 

A minor note on the sonnet here: the word depressed in the seventh line is actu- 
ally a technical term used to describe a cubic equation without a quadratic term. As 
mentioned in the comment on 29 Model, every cubic can be depressed by making a 
change of variable (or “сһагастет”) under a so-called Tschirnhaus transformation, in 
this case, x=y+2. 

After writing these lines, I came across the following stanza from Lewis Carroll's 
double acrostic, The First Riddle.!9? It's also in iambic pentameter, assuming you can 
figure out how to scan an equation. 


Yet what are all such gaieties to me 
Whose thoughts are full of indices and surds? 
x?-H7x453 

EE! 

сү? 


Corollary. Let x ER. If x? – 6х2 +11х-6=2х- 2, then x=1 or x=4. 82 


Proof. Suppose arithmetic is inconsistent, then there exists a proposition P that is 
both true and false. Since P is true, P or the equation x=1 is true. Since P is also 
false, the fact that at least one of P or x=1 is true implies that x 2 1 must be true. By 
a similar argument, x —4 is true. 0 


Inconsistency 
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As some politicians know well, contradiction is a very effective method of argumen- 
tation. In logic, the notion that any proposition follows from (or is a corollary to) a 
contradiction is known as the principle of explosion. Indeed, this exercise deduces, 
without need of any additional premise, that x is both 1 and 4. The proof makes use 
of two basic logical transformations: disjunction introduction (since P is true, P or 
х=1 is true) and disjunctive syllogism (Р is also false...implies that х= 1 must be 
true). 

Avoiding the question of whether or not arithmetic is consistent—a question that, 
at this time, is not entirely resolved—it is possible to devise inconsistent logical sys- 
tems that are not trivial in the sense that not every statement is true. Such logics are 
called paraconsistent, and they have their origin in the “imaginary” logic of Nicolai 
A. Vasiliev.!94 


For a critique of this proof, see 83 Correspondence. 


Date: Sat, 12 Aug 2017 10:51:40 -0700 (PDT) 
From: Roman <RKossak@gc.cuny.edu> 

To: me <pording@slc.edu> 

Subject: 82 Inconsistency 


There are problems with 82. You say "Suppose arithmetic is 
inconsistent." To make sense of it we need to know what is arithmetic, 
and what it means to be inconsistent. And then, the most difficult of 
all, one also needs to know what is truth. 


In mathematical logic, consistency is a property of a formal system that 
includes axioms and rules of proof. A system is consistent, if in it one 
cannot derive a statement and its negation. There is nothing here about 
truth. It is all about derivations of formal consequences from formal 
assumptions using formal rules of proof. 


In classical logic, according to its rules of proof, one can derive any 
sentence from P & not P. Hence, in an inconsistent system one can derive 
any sentence (written in the formal language of the system). 


If one day we discovered that, for instance, Peano Arithmetic is 
inconsistent (as a first-order system), we would not declare that from 
now on we know that every sentence about numbers is true. Instead, we 
would examine the axioms, or the system (or both), and we would try to 
fix them to eliminate the inconsistency. 


In other words, there is no direct link between inconsistency and truth, 
first of all because the former is a well defined formal concept, and 
the latter is intuitive and vague, but also even if one formalizes 
truth, for example via Tarski’s definition, one still cannot say for 
sure that what has been derived is "true," because systems that we 
strongly believe to be consistent can prove false arithmetic statements 
(they can even prove that some unsolvable polynomial equations have 
solutions). 


The question whether arithmetic is consistent is resolved in the same 
sense as the one in which we believe that it is not possible that today 
is Sunday, and it is not Sunday. What some sophisticated mathematicians 
(including Voevodsky and Ed Nelson) question, is whether Peano 
Arithmetic is consistent, in the sense I described above. 


It all is something it would be a pleasure to ponder on a beach under a 
full moon. 


r 
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My friend Roman Kossak, a logician at the City University of New York, sent 
this e-mail after reviewing a draft of the previous exercise 82 Inconsistency. 
E-mail is as important to collaboration in mathematics as any other art or science. 
Since the advent of TEX there's even a convention for transmitting mathematical 
notation using a regular keyboard (see 35 Typeset). For some high-level research 
examples, see Cédric Villani’s Birth of a Theorem: A Mathematical Adventure, in 
which the French mathematician reproduces numerous e-mails verbatim from his 
odyssey to capture the Fields Medal. (Then again, his English translator calls the 
book a “work of literary imagination,’ so maybe Villani’s correspondence is com- 
pletely fabricated.!65) As in Villani’s book, I’ve styled the look of this letter after the 
console-based e-mail client of the sort (e.g., Pine) preferred by some mathematicians 
for its speed, customizability, and simplicity. 


0.8871209 
0.8903 176 
0.8935810 
0.8969170 
0.9003320 
0.9038335 
0.9074304 
0.9111331 
0.9149541 
0.9189084 
0.9230149 
0.9272970 
0.9317850 
0.9365190 
0.9415540 
0.9469694 
0.9528870 
0.9595117 
0.9672434 
0.9771147 
1.0000000 
1.0006587 — 0.0222173i 
1.0013179 —0.0314132i 
1.0019776 —0.0384646i 
1.0026378 — 0.0444053i 
1.0032985-0.04963561 
1.0039598 — 0.054361 1i 
1.0046215 —0.0587036i 
1.0052838 — 0.0627428i 
1.0059466 — 0.0665340i 
1.0066098 — 0.0701173i 
1.0072737 —0.0735232i 
1.0079380 — 0.0767753i 
1.0086028 — 0.0798923i 
1.0092682 — 0.0828895i 
1.0099341 — 0.0857794i 
1.0106005-40.08857261 
1.0112675 —0.0912778i 
1.0119350 —0.0939028i 
1.0126029 — 0.0964540i 


1.0867409 
1.0848419 
1.0828769 
1.0808405 
1.0787260 
1.0765259 
1.0742315 
1.0718322 
1.0693157 
1.0666667 
1.0638666 
1.06089 18 
1.0577122 
1.0542876 
1.0505629 
1.0464588 
1.0418536 
1.0365423 
1.0301249 
1.0215689 
1.0000000 
1.0006587 + 0.0222173i 
1.0013179 + 0.0314132i 
1.0019776 + 0.0384646i 
1.0026378 + 0.0444053i 
1.0032985 + 0.0496356i 
1.0039598 + 0.054361 1i 
1.0046215 + 0.0587036i 
1.0052837 + 0.0627428i 
1.0059466 4- 0.0665340i 
1.0066098 + 0.0701173i 
1.0072737 + 0.0735232i 
1.0079380 + 0.0767753i 
1.0086028 + 0.0798923i 
1.0092682 + 0.0828895i 
1.0099341 + 0.0857794i 
1.0106005 + 0.0885726i 
1.0112675--0.09127781 
1.0119350-0.09390281 
1.0126029 + 0.0964540i 


4.0261382 
4.0248406 
4.0235420 
4.0222425 
4.0209420 
4.0196406 
4.0183381 
4.0170347 
4.0157303 
4.0144249 
4.0131185 
4.0118112 
4.0105028 
4.0091935 
4.0078831 
4.0065718 
4.0052594 
4.0039461 
4.0026317 
4.0013164 
4.0000000 
3.9986826 
3.9973642 
3.9960448 
3.9947244 
3.9934029 
3.9920805 
3.9907570 
3.9894325 
3.9881069 
3.9867803 
3.9854527 
3.9841240 
3.9827943 
3.9814636 
3.9801318 
3.9787990 
3.9774651 
3.9761301 
3.9747941 
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The oldest extant mathematical tables date from 2600 BCE and predate the earliest 
known mathematical texts by seven centuries (see 16 Ancient).!©° Numerical tables 
for mathematical and other kinds of calculation (e.g., taxes) are still published today 
despite the widespread availability of much more powerful computers in the form of 
smartphones. Looking up a solution by hand, locating it among its neighbors, gives 
you confidence that you’ve found the right number. Perhaps too much confidence— 
how do we know whether x, = 1.0000000 means x, =1 or x, =1.00000003? 

H. A. Nogrady discovered that after making the usual substitution to reduce a cubic 
equation to the square-free form y? + py+q=0 (see 29 Model), a second change of 


variable, у= qz/p, puts the cubic into the form! 6? 


3 3 
z+ - t Р. -0. 

I find this remarkable. Every cubic is characterized by essentially one parameter 

р?/4, and we can just list them out in the form of a гарїе. 98 Our cubic equa- 

tion x? 6x? + Их-6=2х-2 reduces to y? -3y -2—0, and its solutions appear in 

the row р? /42=(—3) /(-2) 2 —6.75, right at the precipice of the complex-valued 

solutions. 


Theorem. Let n be an integer. ЇГп”-би +11n—6=2n—2, then n is 1 or 4. 8 5 


Proof. The difference between the terms in the unknown integer n on each side of 
the equation equals the difference between the constant terms on each side of the 


Exhaustion 
equation 


(и —6n* + 11n)—(2n) =(—2) - (-6). 
As n divides the difference of the variable terms, so it must also divide the difference 
of the constant terms. But the difference of the constants is 4, which, being integral, 
admits only finitely many divisors: {—4,—2, —1,1,2,4}. We identify the solutions of 
the equation by testing each divisor d in this set to see if it satisfies the equation. 


Case 1. If d =—4, then d? — 6d? +11d —6— —210. Yet 2d -2=-10, hence n#—4. 
Case 2. If d 2 —2, then d? — 6d? +11d —6=-—60. Yet 2d -2— —6, hence nz —2. 
Case 3. If d=—1, then d? — 6d? - 11d —6— —24. Yet 2d 2= —4, hence n Z -1. 
Case 4. If d 21, then d? — 6d? - 11d —6—0, and 2d —2 —0. Thus n=1 is a solution. 
Case 5. If d Z2, then d? — 6d? c 11d — 620. Yet 2d — 2-2, hence n 2. 

Case 6. If d —4, then d? — 6d? - 11d —6—6, and 2d —2=6. Thus n=4 is a solution. 


Thus the solution is n=1 or n=4, as claimed. o 
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A proof by exhaustion divides a proposition into a finite list of cases, shows that these 
cases exhaust all possible situations in which the proposition may hold, and then 
proceeds by checking each case individually. In this proof, there are six cases corre- 
sponding to the six divisors of the constant term of the cubic polynomial. A similar 
proof appears in 73 Another Translated. It isn’t very exhausting to check six (simple) 
cases, but this style of proof may require a much larger number of cases, each of 
which may involve more complicated computation. 

Proofs by exhaustion (not to be confused with the infinite method of exhaustion) 
are sometimes amenable to computer assistance, for better or worse. For better, 
because the automation of case-checking accelerates the work; for worse, because 
such expediency makes for unenlightening proofs. For this reason, proofs by exhaus- 
tion are sometimes referred to as “brute force.” Not surprisingly, this is the form taken 
by proofs that hold the record for being the longest ever produced. For example, in 
2016, Marijn Heule, Oliver Kullmann, and Victor Marek presented a 200-terabyte 
proof of the Boolean Pythagorean triples problem that involves verifying nearly a 
trillion савев.169 


Notations 


Zero and one are styles, and they are denoted by 0 and 1 respectively. The synthesis 
of styles x and у is the result of combining x and y, and it is denoted by x+y; their 
intersection is the result of crossing x and y, and it is denoted by x X y or xy. Styles 
x and y are equivalent if they are indistinguishable, a fact which is denoted by the 


equivalence x ^ y. 


Definitions 


1. 


The styles 2 through 11 are defined by the syntheses 2~1+1, 3~2+1, ..., 
11~10+1. 


. The antithesis of а style x is the style —x such that x +(—x)~0. 
. The difference of two styles x and у is denoted х-у, and it is defined as the 


synthesis x +(—y). 


. The square of a style x is the the intersection of x with itself, denoted by x?. 
. The cube of a style x is the intersection of x with its square, denoted by x?. 


Axioms 


. Given any proposition P, if P or P, then P. 
. For all styles x and y, if x~ y, then yx. 
. For all styles x, y, z, if x is equivalent to y and y is equivalent to z, then x is 


equivalent to z. 


. For all styles x and y, and any equivalence Е, if x is equivalent to y, then y may 


be substituted for any occurrence of x in E without changing the truth value of E. 


. If x and y are styles, then the synthesis x + y and intersection x x y are styles also. 
. For all styles x, y, 2, if x is equivalent to y, then the syntheses x 4- z and у- 2 are 


equivalent, as are the intersections x x z and ух z. 


. For all styles x, y, the transposed syntheses x+ у and y+ x are equivalent, as аге 


the transposed intersections x X y and yx x. 


. For all styles x, у, z, the triple syntheses (x + y) +2 and x+ (y+ z) are equivalent, 


as are the triple intersections (x x y) x z and x X (yx 2). 


. If x, у, z are styles, then the intersection of x with the synthesis y + z is equivalent 


to the synthesis of the intersections x X y+ x 2. 


. The style 1 is not equivalent to the style 0. 

. For any style x, the synthesis 0--х is equivalent to x. 

. For any style x, the intersection 1 X x is equivalent to x. 
. For any style x, there exists a unique antithesis —x. 

. For any styles x, y, if x X y 40, then x «0 or y~0. 
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Theorems 


20. 
21. 
22: 
23. 
24. 
25: 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 


For all styles x, у, z, if x~ y, then x- z~ y- 2. 

For any style x, x —x ^0. 

For any style x, 0x x ^0. 

For any styles x, y, (-x)y~—(xy)~x(-y) 

For any style x, -(—x)~x 

For any styles x, у, 2, x(y-Z)~xy—xz~(y—Z)x 

For any styles х, у, 2,10, (x — y)(z — W) ~ XZ — XW — yz yw 


For any style x, x - x «2x 

For any styles x, y, —(x + y) »—x — y 
-2-(-4)--6 

1+4х2~9 

For any style x, (x – 1? x? 2x 4 1. 


For any style x, (x — 1? (x 4) » x? - 6x? -9x —4. 
For any style x, x? — 6x? -9x — 4» (x? — 6x? + 11x — 6) - (2x —2). 
For any style x, if x? — 6х? 11x 62x —2, then x «1 or x4. 


PROOF. Suppose x is a style. 


Theorem 33 
Hypothesis 

Axiom 10 

Axiom 9, (1), (2), (3) 
Theorem 21, (3) 
Axiom 8, (4), (5) 
Theorem 32 
Axiom 8,(7), (6) 
Axiom 19, (8) 
Definition 4, (9) 
Axiom 19, (10) 
Axiom 6, (11) 
Definition 3, (12) 
Axiom 11,(13) 
Definition 2, (14) 
Axiom 16, (15) 


x? — 6x? 9x —4~ (x? —6x* + 11x 6) - (2x 22) (1) 
хз — 6х? +11х-6-2х-2 (2) 
2x —2 is a style (3) 
x — 6x? +9x —4~ (2x —2) - Qx -2) (4) 
(2x—2)—(2x —2)~0 (5) 
x? — 6х? +9х-4-0 (6) 
(1-1) (х-4)-х7-6х2-9х-4 (7) 
(2-1) (х-4)-0 (8) 
(x-1)?~0 or x-4~0 (9) 
(х= (х= 0) ~ 0 or x-4~0 (10) 
х-1-00гх-1-00гх-4-0 (11) 
х-1-00гх-4-0 (12) 
х-(-1)-00огх-(1-4)-0 (13) 
х-(-1)-1-0-1огх-41-4)-4-0-4 (14) 
х+0~0+1 orx+0~0+4 (15) 
x~lorx~4 (Theorem) 


In mathematical folklore, there’s a story that David Hilbert was so committed to 
the formalist view of the discipline as to claim, “One must be able to say ‘tables, 
chairs, beer-mugs' each time in place of ‘points, lines, planes.'"!"? Hilbert suppos- 
edly made the remark after attending a lecture on projective plane geometry. There is 
a basic principle in projective plane geometry called duality by which one may swap 
the words “point” and “line” (and any corresponding terms, such as “сойпеаг” and 
“concurrent’) in any theorem without changing the truth of the theorem. 

Taken out of context, the above remark could form the basis of an avant-garde 
manifesto. In fact, Raymond Queneau honored Hilbert’s formalist dictum with the 
text Les fondements de la littérature d'aprés David Hilbert, in which every instance 
of the words “points,” “lines,” and “plane” in Hilbert’s Foundations of Geometry is 
replaced by, respectively, “word,” “sentences,” and “paragraph.”!”! 

Working from 6 Axiomatic, I have aimed for a similar correspondence in the 
choice of substitutions—using "synthesis" in place of “sum” for example. 
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To solve the equation и? — 6w? + 1lw—6=2w—2, first isolate the constant term to 
one side of the equation as follows: 4— w? —6w?+9w. Let x denote the position of 
a point on a horizontal balance beam relative to its fulcrum at x 20 and measured 
from left to right. The law of the lever states that an object placed on a beam will 
exert a torque equal to the product of its mass times its distance from the fulcrum, 
and we adopt the convention that positive torque turns clockwise and negative torque 
counterclockwise. 





Place а unit mass on the beam at x 2 —4; it exerts a torque of magnitude 4 units in the 
counterclockwise direction and represents the left side of the equation. 

To represent the right side of the equation, suppose the region between the line 
y=3x-+6 and the x-axis and to the right of x 2 —3 were cut from a sheet of material 
of width w. If the material has unit density, then a vertical slice at position x has mass 
equal to its height, 3x +6, and it exerts a torque of x(3x +6). Extend the width w of 
the region until it exactly balances the unit mass at x =—4, and the equation is solved. 

To see why, note that the beam is in equilibrium when the region exerts a torque 
equal to and opposite that of the unit mass. That is, the integral of the torque of each 
slice of the region from its left endpoint at х= —3 to its right endpoint at x=w—3 
satisfies the equation 


ш-3 
s= | х(3х+6)ах=(ш-3)3+3(ш-3)? —(—27) - 27 2 w? —6w +9. 
-3 


Thus the equilibrium width w satisfies the given equation and provides the solution 
required. 
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This proof is inspired by The Method of Archimedes, also called The Method of 
Mechanical Theorems.!? Archimedes used this to calculate the area beneath a 
parabola by interpreting the product of two spatial dimensions—length times width— 
as the product of a force with a spatial dimension—gravity times distance—according 
to the law of the lever. The connection to our problem is that the torque of the region 
of width w here is equal to the area under the parabola у= 32 — 121+9 from 1=0 to 
[= и; that is, и? — би? +9w. Without a physical balance, it is still possible to deter- 
mine w geometrically by computing the region's center of mass. This is what makes 
Archimedes' method so effective. (For additional mechanical methods, see Frame, 
“Machines for Solving Algebraic Equations.") 

Archimedes solved a number of other geometry problems with this method, includ- 
ing the computation of the volume of a sphere (balanced by a cone and cylinder!). 
Many calculus instructors try to motivate integral calculus by asking students to esti- 
mate this or that area or volume. Rather than telling students that we need calculus to 
measure these shapes it might be more honest to say, look, integrals mean we don’t 
all have to be as clever as Archimedes. 


DISCIPLE: Dear master, I seek knowledge of ап unknown quantity. It is said that from 
your genius the desired solutions emerged. 

MASTER: My dear one, I am no genius. Nevertheless, if you are willing to apply 
yourself, I will gladly accompany you in finding the way yourself. 

DISCIPLE: The horizon of my knowledge may include linear and, perhaps, certain 
quadratic equations, but the cubic x? — 6x? + 11x —6=2x —2 is a constellation that 
I can but dimly glimpse in the heavens. You have too much confidence in me. 

MASTER: What would you do if this were a linear equation? 

DISCIPLE: I would gather like terms on one side: x? – 6х? +9х—4=0. This looks 
simpler, but it is not quadratic. 

MASTER: Indeed not, but suppose it were. Can you solve x? +9х — 4—0? 

DISCIPLE: I would try to complete the square. If we replace x by the expression y 
less half the linear coefficient or y — 3, then the linear term vanishes. The roots of 
the new quadratic are easily extracted, and translating these back into terms of x 
gives us the solutions. 

MASTER: Very good. How would you guess this to go in degree three? 

DISCIPLE: I have no idea. Is there such a thing as “completing the cube"? 

MASTER: If there were, what should it be? 

DISCIPLE: This is too simple-minded, but suppose I make the same change of variable 
as before only this time instead of taking y less half the linear coefficient, I take y 
less a third the quadratic term. 

MASTER: Wisdom is a state of simple-mindedness. 

DISCIPLE: That would mean x=y+2 for our cubic. Please allow me to sit. I have 
у3-3у-2-0. 

MASTER: Correct. 

DISCIPLE: Now I wish to take cube roots. But there is a linear term in the way. This 
won't work and I am defeated. 

MASTER: You are making progress, but we should not expect the path to be straight. 
What is it that you seek? 

DISCIPLE: The roots of the cubic polynomial. 

MASTER: And what do you know about quadratic roots? What do they look like? 
How do they behave? 

DISCIPLE: They come in pairs —b+ ү 22... but I am embarrassed that I cannot 
remember the proper formula. Please excuse me and I will look it up. 

MASTER: Do you believe what you read in books? Come, let us work with your partial 
formula. There аге two roots r; =u +v and r, =u — о, where и, v depend somehow 
on the coefficients of the quadratic. 

DISCIPLE: Yes, and now I remember that the sum of the roots r; +r, equals minus 
the linear coefficient of the trinomial, while their product r,r, is the constant term. 
You do not believe that I can generalize this, do you? 
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MASTER: Simple mind. 

DISCIPLE: We desire three roots. Their sum is minus the quadratic coefficient and 
their product is the constant. Is that so? 

MASTER: You have your conjectures, now test them. 

DISCIPLE: If I multiply three binomials I see that my guess was almost right. The sum 
of the roots is minus the quadratic, however their product is minus the constant. 
The linear coefficient turns out to be the sum of all products of pairs of roots. I see. 

MASTER: If so, what are the roots? 

DISCIPLE: The quadratic roots appeared in terms of two coefficient functions и, v, so 
now I had better include a third coefficient function w. But u+u+w yields four 
roots. Something is wrong. 

MASTER: What significance does +1 have for quadratics? 

DISCIPLE: The square roots of 1 are +1 and —1. What we want are cube roots of 1. 
What are cube roots of 1? 

MASTER: What should they be? 

DISCIPLE: There should be three of them, and the third power of any one should 
equal 1. Obviously, there is 1. In addition to the root 1, let us call a second root r. 
If 7? — 1, then surely r$ =1. But r°=(r7)?. Now you have made it clear to me that 
r? is a third cube root, which satisfies the identity 1 -- r--r? =0. The roots of our 
cubic combine as: 


rj—uctvu-ctuw, r,-udrUtr^w, ry-udr'vrw. 


MASTER: Good. How do these roots behave? 

DISCIPLE: They must add to the coefficient of the quadratic, which is 0 in the case of 
our cubic. According to the identity for cube roots of unity, we have и=0. 

MASTER: Good. What else? 

DISCIPLE: The product of all three roots must be 2, and the sum of the products 
of pairs must be —3. I can factor out 1+r+r’, which reduces everything to two 
equations: 

v +и? =2 
10-41, 


MASTER: Take one at a time. 
DISCIPLE: Solving the second equation gives w= L, Then substituting this into the 
first equation gives 


Is this truly an equation of degree six? 


0 +1=21?. 


MASTER: Have courage. Dialogue 
DISCIPLE: If it were linear, then I would collect terms 


v -20 + T 


MASTER: And, if it were quadratic? 

DISCIPLE: In terms of v’, it is quadratic. It has a repeated root of 1, so 03 equals 1, 
which means v is 1. Now we can trace our steps back to find и), y, and finally x. 
Thus, w= 2 =1, so y=2 or yzr4 r? z-1, by the cube root of 1 identity. Finally, 
since x=y+2, we get x=1 or x=4, just as you said. 

MASTER: Ї never said that. 

DISCIPLE: No, of course, you would not take credit. It is not genius. 

MASTER: You misunderstand. I take credit for those falsehoods which escape my lips 
and my lips alone. 

DISCIPLE: I must extract the other two roots г and ғ? from the equation 03-1. 

MASTER: You have begun to make your way, it is time for me to make mine. 
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This investigation follows the path that Timothy Gowers describes in his blog post 
“Discovering a formula for the cubic.”!” 

Given its potential to predate written language, dialogue seems a likely candidate 
for the oldest style of presenting a mathematical argument. The Arithmetical Classic 
of the Gnomon and the Circular Paths of Heaven (Zhou Bi Suan Jing), one of the 


earliest mathematical texts from China, is a dialogue that begins: 


Long ago, the Duke of Zhou asked Shang Gao “T have heard, sir, that you excel in 
numbers. May I ask how Bao Xi laid out the successive degrees of the circumfer- 
ence of heaven in ancient times? Heaven cannot be scaled like a staircase, and earth 
cannot be measured out with a foot rule. Where do the numbers come from?” 14 


I ought to clarify that while the dialogue of this variation and the 89 Interior Mono- 
logue that follows include some false starts, neither is an attempt to convey the actual 
frustration that accompanies mathematical work. That frustration is probably con- 
veyed more directly by trying to work through whichever proof in this book the reader 
finds especially alienating. 

That there might be a benefit to such an exercise is the premise of Carl Lindholm’s 
book Mathematics Made Difficult, which opens with a very different sort of mas- 
ter and disciple story. Lindholm recounts a Zen koan in which the master crushes 
a disciple’s limb in a gate. “Just as the fractured leg confused the Zen disciple,” 
Lindholm explains, “it is hoped that this book may help to confuse some uninitiated 
reader and so put him on the road to enlightenment, limping along to mathematical 
satori.”'’ Even if enlightenment isn't forthcoming, such exercises do help convey 
the weirdness of mathematics. "In mathematics you don't understand things," the 
Hungarian-American polymath John von Neumann famously said, “you just get used 


to Шет.?176 


What needs to be proved? 1 need to prove that х is 1 or 4. 

What are the givens? I’m assuming that x satisfies x? -6x?-- 11x —6—2x —2. 

Anything else? Well, x is a real number. 

Can I test the claim for a simple example? Sure. If x Z1, then 1—6-- 11 —6z0 on the 
left, which is equal to 2— 2 on the right. But, that's actually the converse of what 
I'm supposed to prove. Hm, not sure. 

Can I make a picture? I have no idea. Let's move on. 

How about introducing some notation? We could set (х) = х —6x*+11x—6 and 
then g(x) 2x —2. I’m not sure that helps, really. 

Have I seen this kind of problem before? Not really. 

Have I seen anything like it, possibly in a different form? Гуе seen individual 
polynomials like f and g. Subtracting g from both sides of the equation, I get 
x? — 6x? +9х-4=0. So, what I’m really after are the roots of this polynomial. 

Can I make a picture? Alright, ГИ try to sketch the graph of у= х? — 6х? +9х — 4. 
Now I can see how 1 and 4 are plausible solutions. 

I've used the graph of a function to find its roots before. Can I apply the same method? 
Yeah, but I already know the roots. I need a way of showing that these are the only 
roots. 

The factor theorem states that r is a root of a polynomial if and only if (x —r) divides 
the polynomial. Can I use this? Yes! The only solutions to the equation would be 
x=1 and x=4 if this second cubic were a product of powers of (x — 1) and (x — 4). 
That's it. 

What's the plan? Divide the cubic by one of these two linear factors. The result will 
be a quadratic. Factor it. Then, finally, apply the factor theorem a second time to 
deduce all roots. 

Let's go. Ok, dividing by x — 1 leaves the quadratic x? — 5x +5. 

Check each step. I meant x? — 5x +4. This factors as (x — 1)(x — 4). 

How can I be sure? Just multiply everything out: 


(х= D(x- (х —4) =(x? -2x + (x 4) =x? 2x? +x - Ax? - 8x — 4. 


Ok, that's enough. So, I've got all the factors, which means that I have all the roots. 
Can I see the proof at a glance? The roots are both visible in the sketch. 
Can I prove the result differently? I didn't really think about the fact that the graph is 
tangent to the x-axis at 1 and crosses it at 4, but this corresponds to the fact that 
x=1 is a double root and x 24 a simple root. 
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This exercise is based on mathematics’ bestselling self-help guide How to Solve It: 
A New Aspect of Mathematical Method by Georg Pélya.'”” The four step program— 
understand the problem, plan the solution, carry out the plan, examine the solution— 
has been reprinted in numerous textbooks at all levels, from kindergarten to 
university. 

The investigation of heuristic (from “Analogy” to “Working Backwards") by Polya, 
and his student Imre Lakatos, opens a window on “another face of mathematics"; 


Yes, mathematics has two faces; it is the rigorous science of Euclid but it is also 
something else. Mathematics presented in the Euclidean way appears as a system- 
atic, deductive science; but mathematics in the making appears as an experimental, 


inductive ѕсіепсе. 178 


For a more in-depth dialectic, see 88 Dialogue ог 25 Open Collaborative. 


The numbers 4 and 1 are roots of a polynomial in x if the polynomial contains —4 + x 
and —1 +x among its factors. In particular, these numbers satisfy the equation 


0-(-44x)-14x). 
Multiplying the factors yields the polynomial equation 
02-44 9x 6x? +x’, 
which, after adding -2--2х, produces the equivalent polynomial equation 
-2+2х=-6+11х-6х2 +x’. 
Thus we have proved the following: 


Theorem. The unknown x is 4 or 1 when —2+2х=-6+ 11x —6x? +x? for RS x. 
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It is often useful when attempting a proof to reason by steps backwards from the 
conclusion towards the premises. On the other hand, it is also not uncommon to find 
a proof that precedes the statement of a theorem as is the case here. On the level 
of mathematical statements and expressions, terms can also sometimes be reversed 
while preserving their semantic meaning. A reversal like —4+ x in place of x —4 is 
hardly noticed, whereas for some reason I’m never completely comfortable with the 
implication “О when P" in place of "if P then О.” 
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What does Cardano mean when he writes in his memoir that “the mystic element 
is necessary that we may recognize the hand of God and be taught not to forbid its 
workings.”!”? Necessary for what? Salvation perhaps, but also divine inspiration. In 
fact, the more he describes the features of the "intuitive flash of direct knowledge," 
the more he finds to take personal credit for: 


The use of amplification and lucidity of understanding I have acquired partly from 
practice and partly at the inspiration of my spirit, for I devoted myself persistently 
to perfecting that intellectual flash of insight for more than forty years before I 
mastered 1.180 


Modern day mathematicians are more likely to recognize the flash of insight as the 
result of subconscious work.!*! 

This isn't to say that modern mathematics has entirely rid itself of mystical senti- 
ment. As a case in point, the following is an introduction to a popular mathematics 
book: 


In nature, we find patterns, designs and structures from the most minuscule par- 
ticles, to expressions of life discernible by human eyes, to the greater cosmos. 
These inevitably follow geometrical archetypes, which reveal to us the nature of 
each form... 


Actually, I'm lying. That was from an online introduction to Sacred Geometry.!9? 
(If the word "design" didn't raise an eyebrow, you probably would have figured it 
out had I included the closing words: “and its vibrational resonances.") But the point 
is that this could have been a popular mathematics book. It expresses a widely held 
faith in the unity and universality of mathematics—the language in which “that great 
book" is written, as Galileo famously put it. 183 

This exercise appeared by meditating on the diagram of 12 Ruler and Compass 
while trying to see, at a glance, the proof 67 Approximate. 


Report on: Cone of Cubics Revealed: New Insight into the Equation of Third Degree 


The subject of the paper under review is the cubic equation x? — 6x? +9x —4=0, and 
it concludes x, =1,x,=1,x3=4. I have checked that the roots are correct as stated. 
I admit that I am somewhat mystified as to why this particular cubic is presented. 
If its solution is intended as an example of a general technique for solving cubics, 
the author should make this intention clear. Still more puzzling is the peculiar use of 
mathematical language and notation, which took me some time to decipher. 

The author expresses the cubic above іп a nonstandard form x? — 6x? + 11x —6x— 
2x —2. Setting the left-hand side of this equation equal to zero, the author remarks, 
“The fundamental cubic defines the inverted 2/ V3 triangle at 2, as shown.” I am 
unsure what is “fundamental” about x? —6х? +11х-6=0 or what is being shown 
where. The submission does include one figure of a black triangle surrounded by nu- 
merous concentric triangles and circles, but I was unable to identify a title or caption 
for the image. 

One could possibly interpret the “triangle” in the sense of Nickalls (1993). It is 
well known that a cubic with three real roots admits a solution via the cosine identity 
4cos? 0 — 3 соѕ0 – соѕ30 = 0). In this case, Nickalls observed that the roots appear as 
the vertical projections of the vertices 0, 0--27/3,0--4л:/3 of the equilateral triangle 
with center coincident with the cubic’s point of inflection and circumradius equal to 
26 :=2(b? – Зас)/9а?. For the so-called fundamental cubic, the angle and circum- 
radius are resp. 0 =л/6 and 26=2/ ү. Since the third vertex 0 +47 /3 = Зл /2 of 
the triangle appears at the bottom of the circumscribed circle, this may account for 
the term "inverted." 

The author identifies the roots 1, 1, and 4 of the original cubic as “a 12th part 
rotation and 3-fold dilation of the fundamental triangle." Taken at face value, this 
statement is nonsensical or, at best, false. The triangle whose vertices project to the 
given solutions does share the same center as the fundamental cubic (their points 
of inflection are vertically aligned since they have equal second derivatives) and its 
vertices differ by an angle л/6 (or 2z/12), but their circumradii differ by a factor of 
үз not 3. 

In lieu of a proof or other recognizable form of justification, the paper concludes 
with extended remarks on the “cone of cubics.” As the author does not define this 
object, I am unable to evaluate its merits. 

Overall, I found the paper to be mostly not incorrect, though barely readable. Any 
genuinely new result on cubics would certainly be of interest to readers of this journal; 
however, I find little beyond the results already obtained in much more generality by 
Nickalls. 


My final evaluation: I do not recommend publication. 
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A paper like “Cone of Cubics Revealed,’ which is imagined to accompany the 
91 Mystical proof, wouldn’t make it past a journal editor to a referee, and if it did, 
it’s unlikely that the report would include anything beyond the final sentence. This 
report was modeled on the best practices advised by Chris Woodward: “A good ref- 
eree report begins with a very short (a few sentences) summary of the result and 
the argument. It includes an opinion on whether the result and proof are (i) correct 
(ii) readable (iii) interesting to lots or only a few people; also (iv) a recommendation 
on whether it is good enough to appear in the given journal. . . and (v) a non-empty list 
of specific corrections/suggestions."!5* There doesn't seem to be consensus on what 
is actually required by (i), which calls into question the reliability of “the literature.” 
See the note following 94 Authority. 

For a frank discussion of one author’s experience with the review process, see 
Robert C. Thompson’s “Author vs. Referee: A Case History for Middle Level Mathe- 


maticians."!85 


Definition. Let k={x denote the curly root of the real number x if and only if 93 
x=k?/(1—k), where К <1. Note that 


uei. . 
санан Neologism 
It follows that yz —(b/a) | a3 /52 is a solution of the cubic equation y? +ay+b=0. 
Theorem. Jf x is а real number and x? - 6x? +11x—6=2x-—2, then х=1 or x=4. 


Proof. Substituting х= у+2 reduces the given cubic equation to у? —3y—2=0. In 
this case, the curly root solution is yz —(2/3) {227/4 =2. Dividing the cubic poly- 
nomial by у- 2 results in the quadratic with repeated root y=—1. Hence, the original 
cubic equation admits solutions x — 1,4. 0 
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Twentieth century mathematician and editor Ralph Boas makes the commonsense ob- 
servation that inventing new words introduces something unfamiliar, which can make 
it harder for readers to understand: “One Bourbaki per century produces about all the 
neologisms that the mathematical community can absorb."!*6 (See 6 Axiomatic for 
more about Bourbaki.) 

According to American physicist David Mermin, it requires a great deal of effort 
to circulate a new technical word. In *E Pluribus Boojum: the physicist as neologist;" 
he gives a detailed account of how he campaigned to get the physics community to 
adopt the word boojum for a phenomenon related to superfluidity.!?? 

American Mathematician Dan Kalman coined the term curly root in 2009, and, 


last I checked, he hasn't given up his efforts to popularize it.!55 


Of course, if х2-6х2--11х-6-2х-2, then it follows from Euler that the real 9 4 
number in question must be 1 or 4. 
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The eighteenth century Swiss mathematician and physicist Leonhard Euler was per- 
haps the most prolific mathematician of all time. One of Jean-Pierre Serre’s tips from 
a lecture on how to write mathematics badly is that “when you give a reference, a 
reference that you don’t want to be checked. .. refer to the entire works of Euler. They 
have not yet been published entirely." 189 

While Euler did contribute a solution to the general cubic,!?? appeals to author- 
ity don't require that the authority has actually proven the result. It may not even 
require that the result is true. In an opinion piece in the Notices of the AMS, American 
mathematician Melvyn Nathanson makes the following speculation: 


How do we recognize mathematical truth? If a theorem has a short complete proof, 
we can check it. But if the proof is deep, difficult, and already fills 100 journal 
pages, if no one has the time and energy to fill in the details, if a "complete" 
proof would be 100,000 pages long, then we rely on the judgments of the bosses 
in the field. In mathematics, a theorem 18 true, or it's not a theorem. But even in 
mathematics, truth can be political. !?! 


When the authority of reference is oneself, a proof by authority becomes a proof by 


intimidation.‘ 


October 23, 2015, New York 


The large room is dim and sparse except for the giant CT scanner at one end. The 
X-ray tube and detectors begin to spin within the machine’s large ring as I climb onto 
the narrow table that extends from its gape. Having tucked me in with a blanket and 
foam supports behind my knees, the technologist retreats to the control room on the 
other side of a lead-lined wall. 

If x cubed minus six x squared plus nine x minus four is zero, then x is one or four. 

There’s an intercom inside the doughnut hole of the scanner, and after checking 
in one last time the machine takes over. “Breathe in and hold,” it commands from 
overhead, like an assertive copilot on a very small plane. I am motionless as it cal- 
ibrates to my body and the database of scans—thankfully clear—since the surgery 
five years ago. 

The product of x minus one times x minus one times x minus four is zero. 

My habit is to work with pen and paper. But I’ve written out the solution to this 
equation so many times that even lying in the scanner with arms outstretched over 
head I can mentally retrace each step. “Breathe.” As I exhale I hardly think about 
tumor cells. 

x?-6x? 49x -4 2 (x - D(x - D(x —4) 
My memory relies just as much if not more on the algebraic symbols themselves— 
their shape in my mind's eye and their names in my ear—than on the logic of the 
solution. But these are meager images. What I need is a geometric proof. 

The table moves me into position and begins scanning my head through a thousand 
sections. 

A long time ago, a friend suggested an "architectural" proof that shows this fac- 
torization in one or more axonometric drawings of a cube. I try to see each term of 
the polynomial volumetrically, as Euclid would. I try to see the triple product in the 
same way. The volume degenerates at the roots. I’m lost. 

The scan has progressed to my torso; my head emerges from the other end of the 
doughnut hole. I roll my eyes to look around. Architecturally, the scanning room is 
more of a low box than a cube—a cube with its top layer sectioned off. 

And then, without effort, the factorization appears. Let x be greater than four. To 
subtract six x squared, first cut four x squared off the top, then cut one x squared from 
the front, and finally one x squared from the side. The low box revealed within has 
volume x —4 times x — 1 times x — 1. 

The problem is as good as solved. After a long beep, the machine declares: “Scan 
finished." 


95 


First Person 


225 


First Person 


226 


A more typical first-person account of mathematical discovery would follow the 
mythological type of the hero’s journey.!? I was having fun satirizing this style when 
I came across these lines from Euler’s biography: 


They had 13 children altogether although only five survived their infancy. Euler 
claimed that he made some of his greatest mathematical discoveries while holding 
a baby in his arms with other children playing round his feet.!?^ 


How do you do mathematics after losing eight children? How do you do mathematics 
with five? I decided to interpret this exercise as a performative constraint instead 
of a literary one. If it hasn’t entirely escaped the monomythic tendency, it at least 
complicates that stereotype of mathematical life. 

For the diagram that resulted from the proof sketched here, see 62 Axonometric. 


To find the roots of the equation x? — 6x? + 11x—6=2x—2, place a point charge -4 
at x=11/3 and a point electric dipole p centered at x 25 having two equal and орро- 
site charges of magnitude 900 times q lying on the x-axis and separated by distance 
of 0.005 units. By choosing a suitable orientation for the dipole, each root of the 
given cubic equation will appear as a null point of the electric field on the x-axis, as 
measured experimentally. The electric field Е, due to a point charge and the electric 
field E, due to the dipole are given by 


1-4 1 
ш------- Е, = 
Pe 4Ameor? ap 





2лє0 r? 


where r is the distance measured along the axis of the dipole and ej is the permittivity 
of free space. 

Consider the electric field at a point P= P(x), where x < 11/3 (similar arguments 
apply to the remaining intervals). The field due to the point charge will be 


1 4 


Eem 
eP) ате aa. 


If we align the dipole against the x-axis, then for x < 11/3 the field due to the dipole 
will be 





1 9004 -0.005 , 

2лєр (х-5) 

According to the principle of superposition, E=E,,, +E,,. Hence the electric field is 
zero at P(x) with x «11/3 if x satisfies 


E,,(P) = 


E,.(P)=—E,,(P) 
1 q 1 900q-0.005 , 


4ле, 11/3 2ле) (х-58 ` 
шээг 
(х-11/3)? (х-5) 
(х-5)--О(х-11/3У 
х3-15х2--75х-125--9х2--66х- 121 


х? –6х2+11х-6=2х-2 


^ 


and thus х is a root of the given equation, as claimed. 
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A physics colleague suggested to me the idea of using electrostatics to represent а cu- 
bic equation. A similar demonstration shows that null points satisfy the cubic equation 
when x>5. For the interval 11/3 « x «5, we must align the dipole with the x-axis. 
Since neither x = 11/3 nor x —5 satisfies the given equation, all roots will be found 
in this manner. Derivations of the electric fields of a point charge and a point electric 
dipole can be found in most college physics textbooks. 195 

This proof reminds me of the following passage in Henri Poincaré's essay 
"Intuition and Logic in Mathematics," where he presents his first example of the 
intuitive tendency: 


[L]ook at Professor [Felix] Klein: he is studying one of the most abstract questions 
of the theory of functions to determine whether on a given Riemann surface there 
always exists a function admitting of given singularities. What does the celebrated 
German geometer do? He replaces his Riemann surface by a metallic surface 
whose electric conductivity varies according to certain laws. He connects two of 
its points with the two poles of a battery. The current, says he, must pass, and the 
distribution of this current on the surface will define a function whose singularities 
will be precisely those called for by the enunciation. 

Doubtless Professor Klein well knows he has given here only a sketch: never- 
theless he has not hesitated to publish it; and he would probably believe he finds 
in it, if not a rigorous demonstration, at least a kind of moral certainty. A logician 
would have rejected with horror such a conception, or rather he would not have 
had to reject it, because in his mind it would never have originated. 16 
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The image was created from Newton’s method for finding roots. Newton’s method 
applies a function to an initial estimate of a root and returns another, hopefully 
improved, root approximation. By applying the function to this second estimate, and 
so on, one obtains a sequence of approximations that often converge to an actual root, 
as was shown in 76 Experimental. The image in this proof was obtained by taking 
points of the complex plane as initial estimates. After some number of iterations, the 
method agrees with one or the other root to within four decimal places. The wavey 
“С” curve on the right side of the image separates initial points converging to 1 (left) 
from those points converging to 4 (right). If the number of iterations needed to arrive 
(sufficiently close) to a root is even/odd then the point is colored black/white. 

The inspiration for this style came from an article entitled “Mathematics and 
the Psychedelic Revolution” by Ralph Abraham of the Department of Mathemat- 
ics at UC Santa Cruz.!°’ The fascinating account appeared in the Bulletin of the 
Multidisciplinary Association for Psychedelic Studies: 


It all began in 1967 when I was a professor of mathematics at Princeton, and one of 
my students turned me on to LSD. That led to my moving to California a year later, 
and meeting at UC Santa Cruz a chemistry graduate student who was doing his 
Ph.D. thesis on the synthesis of DMT. He and I smoked up a large bottle of DMT 
in 1969, and that resulted in a kind of secret resolve, which swerved my career 
toward a search for the connections between mathematics and the experience of the 
logos, or what Terence calls “the transcendent other.” This is a hyperdimensional 
space full of meaning and wisdom and beauty, which feels more real than ordinary 
reality, and to which we have returned many times over the years, for instruction 
and pleasure. In the course of the next twenty years there were various steps I 
took to explore the connection between mathematics and the logos.... There is 
no doubt that the psychedelic revolution in the 1960s had a profound effect on 
the history of computers and computer graphics, and of mathematics, especially 
the birth of postmodern maths such as chaos theory and fractal geometry. This I 
witnessed personally. The effect on my own history, viewed now in four decades of 
retrospect, was а catastrophic shift from abstract pure math to a more experimental 
and applied study of vibrations and forms, which continues to this day. 


The use of prescription-strength stimulants among mathematicians is probably some- 
what more common (though how common would be difficult to know) than the use 
of hallucinogenics. 198 
academic drug use: "I can envisage a future in which stimulant drugs could raise 


J. E. Littlewood offered a more cautiously optimistic note on 


mental activity for a set period of work, and relaxing ones give a suitable compen- 
sating period, perhaps of actual sleep. The present is a time of transition; stimulants 
do exist; but they should be used only with the greatest care and only in a crisis. And 
there is the problem of knowing what is a crisis." !?? 


Their omelette: eggs, beer, eel. 9 8 
If eggs cued my nose, six eggs queered. 

Plus nine eggs. 

My nose for equals—zero. Mondegreen 
Then, egg sequels one or four. 

Proofs pose eggs irrational. 

Irrational root of a manic pollen oatmeal is a divine, sore Ovid, sconced in turn. 

For their moor, the all-terraining koi fish aunts imply a positive route. 

Sin stew is not a solution, another route must be ear-rational. 

Butter rational routes. 

Come in, conjugal pairs! 
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A mondegreen is an accidental homophonic translation. This variation is written in 
the spirit of irreverence towards language that Lewis Carroll and his Humpty Dumpty 
share with so many mathematicians: 


“When J use a word,” Humpty Dumpty said, in rather а scornful tone, “it means 
just what I choose it to mean—neither more nor less.” 

“The question is,” said Alice, “whether you can make words mean so many 
different things.” 


“The question is,” said Humpty Dumpty, “which is to be master—that’s all.”7°° 


As for Carroll, he was no less explicit in his views on the matter. In Symbolic Logic, 
he writes: 


The writers, and editors, of the Logical textbooks which run in the ordinary 
grooves—to whom I shall hereafter refer by the (I hope inoffensive) title “The 
Logicians"—...speak of the Copula of a Proposition “with bated breath"; almost 
as if it were a living, conscious Entity, capable of declaring for itself what it chose 
to mean, and that we, poor human creatures, had nothing but to ascertain what was 
its sovereign will and pleasure, and submit to it. 

In opposition to this view, I maintain that any writer of a book is fully authorised 
in attaching any meaning he likes to any word or phrase he intends to use.??! 


I had hoped for this homophonic translation (46 Cute is the source) to illustrate the 
fully authorized author in action—how language can be made to bend to our will— 
but I fear that the experiment may have backfired. Whenever I see the ubiquitous 
rubric “Theorem. Де...” I cannot help but hear "their omelette.” Sometimes I even 
smell it cooking, all buttery in the pan. 


Theorem. Let x be a real number. (Гх?-6бх2-11Хх-6:42х-2, then x=1 or x=4. 9 9 
Proof. The proof is left to the reader. 
Prescribed 
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Remember, don’t throw away 
The quadrant of unused situations just because they’re here: 
They may not always be, and you haven’t finished looking 
Through them all yet. So much that happens happens in small ways 
That someone was going to get around to tabulate, and then never did, 
Yet it all bespeaks freshness, clarity and an even motor drive 
To coax us out of sleep and start us wondering what the new round 
Of impressions and salutations is going to leave in its wake 
This time. And the form, the precepts, are yours to dispose of as you will, 
As the ocean makes grasses, and in doing so refurbishes a lighthouse 
On a distant hill, or else lets the whole picture slip into foam. 


—John Ashbery, “Someone You Have Seen Before" (excerpt)??? 


Where did the equation x? —6x*+11x—6=2x—2 come from? Its particulars were 
chosen based on an algebro-geometric reading of the story that forms the basis of 
Raymond Queneau's Exercises in Style. The two points of intersections or solutions 
encode the two sightings of the man in the felt hat. The first intersection accounts for 
the first half of the story, when the long-neck is traveling in the same direction as the 
narrator, and hence the curves are tangent. The second, transverse intersection marks 
the second half of the story, when the narrator passes the man standing in front of 
the train station. The two sides of the equation emerged as the simplest curves that 
conformed to these conditions. Only in rereading Queneau's book after having drafted 
these exercises, I realize that the subject of his narrative, “the chap in question,” is the 
picture of bad taste. He's a "giraffe" in a funny hat and a coat with a button in the 
wrong place and has such poor manners that he gets in arguments on buses. And 
as it happens, this degenerate cubic equation, with its awkward, non-standard form, 
similarly accentuates stylistic variation. 
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One of the most satisfying aspects of writing this book has been the opportunity 
to meet and discuss mathematics with people with whom I never otherwise would 
have done that. It is thanks to the conversations and support of many acquaintances, 
friends, and family that it became a reality. 

In the very earliest stage of the project, through the support of the City Univer- 
sity of New York, I was able to participate in a mathematics writing group led by 
Roman Kossak, whose guidance, friendship, and example have been critical to the 
project ever since. I am especially grateful to Piet Hut and the Program in Inter- 
disciplinary Studies at The Institute for Advanced Study, Princeton for hosting me 
during the Spring of 2012 and giving the project real momentum. There, I met Mon- 
ica Manolescu and Siobhan Roberts, who made several helpful comments on a draft 
of the book proposal, and I am indebted to Siobhan for introducing me to my editor 
Vickie Kearn at Princeton University Press. I received many helpful comments and 
suggestions on a partial draft of the exercises at a 2016 Workshop on Creative Writ- 
ing in Mathematics and Mathematical Sciences, which was organized by Marjorie 
Senechal at the Banff International Research Station. My home institution, Sarah 
Lawrence College, has generously supported this research, and I am thankful for 
helpful conversations with colleagues Dan King, Michael Siff, Jim Marshall, Melissa 
Frazier, Scott Calvin, Jason Earle, Melvin Bukiet, and Angela Ferraiolo. Without the 
tireless research assistance of several students past and present this would have been a 
lesser book; I owe my sincerest gratitude to Ella Pavlechko, Xueyi Bu, Lauren Bréard, 
Isak McCune, Sarah Dennis, and Marshall Pangilinan. Avinoam Hennig and Emily 
Rogers also made helpful suggestions. 

Thanks go to Sonja Mapes for putting me in touch with James Nickerson and 
Regina Nuzzo at Gallaudet University about mathematics in ASL. I am especially 
grateful to Christopher Hayes who gave up time studying for graduate school qual- 
ifying exams to translate a proof into ASL. It is a pleasure to thank Peggy Swartzel 
Lott for the beautiful sign language illustrations that she, along with Daniel W. 
Renner and Rob Hills made. Bart Van Steirteghem and my cousin Anne-Laure 
Tapernoux helped me with the French translation, and Eric Wambach and Alexan- 
der Jermann with the German. I’m grateful to Roman Kossak and, separately, 
John P. Colvis for letting me reproduce their correspondence. Dan Kalman kindly 
shared his typesetting macros for curly-roots. My brother David had thoughtful 
suggestions when I was stuck on the problem of ordering the variations, and my 
oldest brother Emmanuel didn’t balk when one August weekend while visiting his 
home in Massachusetts I asked him to lend his professional expertise and cam- 
era equipment for the afternoon to make the photographs for 66 Hand-Waving. I 
am thankful to both, and to our parents Jon and Marie-Claire for their encourage- 
ment. My friends Bart Van Steirteghem, Spencer Gerhardt, Brian O'Connell, and 
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